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Introduction 

This is the extended version of a lecture course given at the University of 
Vienna in the spring term 2005. Many thanks to the audience of this course 
for many keen questions. The main aim of this course was to understand the 
papers [11] and [13]. 

The purpose of this review article is to give a complete account of existence 
and uniqueness of the solutions of the members of higher order of the hierar- 
chies of Burgers' equation and the Korteweg-de Vries equation, including their 
derivation and all the necessary background. We do this both on the circle, 
and on the real line in the setting of rapidly decreasing functions. These are 
all geodesic equations of infinite dimensional regular Lie groups, namely the 
diffcomorphism group of the line or the circle and the corresponding Virasoro 
group. 

Let us describe the content: Appendix A is a short description of con- 
venient calculus in infinite dimensions (beyond Banach spaces) where every- 
thing is based on smooth curves: A mapping is C°° if it maps smooth curves 
to smooth curves. It is a theorem that smooth curves in a space of smooth 
functions are just smooth functions of one variable more; this is the basic as- 
sumption of variational calculus. Appendix B gives a short account of infinite 
dimensional regular Lie groups. Here regularity means that a smooth curve in 
the Lie algebra can be integrated to a smooth curve in the group whose right 
(or left) logarithmic derivative equals the given curve. No infinite dimensional 
Lie group is known which is not regular. Section 1, as a motivating example, 
computes the geodesies and the curvature of the most naive Riemannian met- 
ric on the space of embeddings of the real line to itself and shows that this can 
be converted into Burgers' equation. Section 2 treats Hamiltonian mechanics 
on infinite dimensional weak symplectic manifolds. Here 'weak' means that 
the symplectic 2-form is injective as a mapping from the tangent bundle to 
the cotangent bundle. Section 3 computes geodesies and curvatures of right 
invariant Riemannian metrics on regular Lie groups as done by Arnold [4]. 
Section 4 redoes this in the symplectic approach and computes the associ- 
ated momentum mappings and conserved quantities. Section 5 shows that the 
geodesic distance vanishes on any full diffeomorphis group for the right invari- 
ant metric coming from the i 2 -metric on the Lie algebra of vector fields for 
a given Riemannian metric on a manifold. In particular, Burgers' equation is 
the geodesic equation of such a metric. Section 6 treats the group of diffco- 
morphisms of the real line which decrease rapidly to the identity as a regular 
Lie group. This will be important for Burgers' equation as geodesic equation 
on this group, and also for the KdV equation. Here we also give a short pre- 
sentation of Sobolev spaces on the real line and of the scale of H C"-spaces for 
which we were able to give simple proofs of the results which we need later. 
Section 7 treats geodesic equations on the diffeomorphism groups of the real 
line or S 1 which leads to Burgers' hierarchy. We solve these equations start- 
ing at certain higher order, following [13]. Section 8 does this for the Virasoro 
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groups on the real line or S 1 . For the solution of the higher order equations 
we follow [11]. 

Note that in this paper we concentrate on in the smooth (= C°°) aspect. 
We also do not treat complete integrability for Burgers' and KdV equation, 
although we prepared almost all of the necessary background. 

1. A general setting and a motivating example 
1.1. The principal bundle of embeddings 

Let M and N be smooth finite dimensional manifolds, connected and sec- 
ond countable without boundary, such that dimM < dim N. Then the space 
Emb(M, N) of all embeddings (immersions which are homeomorphisms on 
their images) from M into N is an open submanifold of C°°(M, N) which 
is stable under the right action of the diffcomorphism group of M. Here 
C°° (M, N) is a smooth manifold modeled on spaces of sections with com- 
pact support r c (f*TN). In particular the tangent space at / is canonically 
isomorphic to the space of vector fields along / with compact support in M. 
If / and g differ on a non-compact set then they belong to different con- 
nected components of C oc (M, N). See [31] and [37]. Then Emb(M, N) is the 
total space of a smooth principal fiber bundle with structure group the diffco- 
morphism group of M; the base is called B(M,N), it is a Hausdorff smooth 
manifold modeled on nuclear (LF)-spaces. It can be thought of as the "non- 
linear Grassmannian" or " diffcrentiablc Chow variety" of all submanifolds of 
N which are of type M. This result is based on an idea implicitly contained 
in [51], it was fully proved in [7] for compact M and for general M in [36]. 
See also [37], section 13 and [31]. If we take a Hilbert space H instead of 
N, then B(M,H) is the classifying space for Diff(M) if M is compact, and 
the classifying bundle Emb(M, H) carries also a universal connection. This is 
shown in [38]. 



If (N, g) is a Riemannian manifold then on the manifold Emb(M, N) there 
is a naturally induced weak Riemannian metric given, for s\,S2 £ r c (f*TN) 
and (p £ Emb(M, N), by 



where vol(g) denotes the volume form on N induced by the Riemannian metric 
g and vo\(4>*g) the volume form on M induced by the pull back metric <fi*g. 
The covariant derivative and curvature of the Levi-Civita connection induced 
by G were investigated in [6] if N = R dlmM + 1 (endowed with the standard 
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inner product) and in [25] for the general case. In [40] it was shown that 
the geodesic distance (topological metric) on the base manifold B(M,N) — 
Emb(M, TV)/ Diff(M) induced by this Riemannian metric vanishes. 

This weak Riemannian metric is invariant under the action of the diffco- 
morphism group Diff (M) by composition from the right and hence it induces 
a Riemannian metric on the base manifold B(M, N). 

1.3. Example 

Let us consider the special case M — N — R, that is, the space Emb(R, R) of 
all embeddings of the real line into itself, which contains the diffcomorphism 
group Diff(R) as an open subset. The case M = N = S 1 is treated in a 
similar fashion and the results of this paper are also valid in this situation, 
where Emb(S' 1 ,5' 1 ) = Diff(S' 1 ). For our purposes, we may restrict attention 
to the space of orientation-preserving embeddings, denoted by Emb + (R, R). 
The weak Riemannian metric has thus the expression 



We shall compute the geodesic equation for this metric by variational calculus. 
The energy of a curve / of embeddings is 



If we assume that f(x,t,s) is a smooth function and that the variations are 
with fixed endpoints, then the derivative with respect to s of the energy is 



ftt = _ 2 jt£tx i /( j0 )eEmb + (R,R), f t ( , 0) e C^°(R, R) (1) 
= ■ Ffift, ft), 






so that the geodesic equation with its initial data is: 
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where the Christoffel symbol T : Emb(R,R) x C C °°(R,]R) x C C °°(R,M) -> 
C£°(R, R) is given by symmetrisation: 

7^/7 / \ hk x + h x k (hk) x 

r f (h,k):= = — . (2) 

Jx Jx 

For vector fields X, Y on Emb(R, R) the covariant derivative is given by 
the expression 

V Emby = dY {X) - r(X,Y). The Riemannian curvature 
R(X,Y)Z = (VxVy — VyVx — V[x,y])Z is then determined in terms of 
the Christoffel form by 

R(X,Y)Z = (W X W Y - Vy V* - V [x .y])Z 

= V x {dZ(Y) - r(Y, Z)) - V Y {dZ(X) - r(X, Z)) 

-dZ([X,Y]) + r([X,Y],Z) 
= d 2 Z(X, Y) + dZ{dY(X)) - r{X, dZ{Y)) 

- dr(x)(Y, z) - r(dY(x), z) - r(Y, dz(xj) + r{x, r(Y, z)) 

-d 2 Z(Y,X)-dZ(dX(Y)) + r(Y,dZ(X)) 

+ dr{Y)(x, z) + r{dx(Y), z) + r(x, dZ{Y)) - r(y, r{x, z)) 

- dZ(dY(X) - dX{Y)) + r{dY{X) - dX{Y), Z) 

= -dr(x)(Y, z) + r{x, r{Y, z)) + dr(Y)(x, z) - r(y, r{x, z) 



so that 
R f {h, k)£ = 

= -dr(f)(h)(kj) + dr(f)(k)(h,£) + r f (h,r f (k,£))-r f (k,r f (h,£)) 

h x {k£) x k x {h£) x { h —) x { k —) x 

f2 i- - 2 "I" . \0) 

J x J x Jx Jx 

{^fxxh x k£ f xx hk x £ -\- fxhk xx £ f x h xx k£ + < 2f x hk x £ x t ^f x h x k£ x ^j . 

Now let us consider the trivialisation of T Emb(R, R) by right translation (this 
is most useful for Diff(R)). The derivative of the inversion Inv : g i— > g^ 1 is 
given by 

T g (lnv)h = -Tig- 1 ) ohog^ = — 

9x° g 

for g £ Emb(R,R), h e C C °°(R,R). Defining 

w:=/rj°/~\ or, in more detail, u(t,x) = f t (t, f(t, y 1 (x)), 
we have 

u x = {ft o = (f tx o f^ 1 )- — ^— y = -j- ° /~\ 
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u t = (ft o = f tt o /- 1 + (f tx o f-'Kf- 1 ^ 
= fu o r 1 - (/ te o /-^—L^ /-i) 

which, by (1) and the first equation becomes 

Ut = f tt o r 1 o r 1 = -3 o /- 1 = - 3 ^. 

The geodesic equation on Emb(R, R) in right trivialization, that is, in Eulerian 
formulation, is hence 

u t = -~3u x u , (4) 

which is just Burgers' equation. 

Finally let us solve Burgers' equation and also describe its universal com- 
pletion, see see [10], [2], or [26]. 

In R 2 with coordinates (x,y) consider the vector field Y(x,y) — (3y, 0) = 
3yd x with differential equation x — 3y,y = 0. It has the complete flow 
F%(x,y) = [x + 3ty,y). 

Let now t ^ u(t, x) be a curve of functions on R. We ask when the graph 
of u can be reparametrizcd in such a way that it becomes a solution curve 
of the push forward vector field : f i— > Y o f on the space of embcddings 
Emb(R, R 2 ). Thus consider a time dependent reparametrization z x(t,z), 
i.e., x e C°°(R 2 ,R). The curve t ^ (x(t, z),u(t,x(z,t))) in R 2 is an integral 
curve of Y if and only if 

/3mo x\ _ q ( x \ _ ( x t \ 

\ J * \u o x) \u t o x + (u x o x) ■ Xt) 

{x t = 3u o x 
= (u t + 3uu x ) o x 

This implies that the graph of u(t, •), namely the curve 1 1— > (a; i— > (x, u(t, x))), 
may be parameterized as a solution curve of the vector field F* on the space 
of embeddings Emb(R, R 2 ) starting at i ^ (x,u(0,x)) if and only if u is a 
solution of the partial differential equation w t + 3uu x — 0. The parameteriza- 
tion z i— » x(z,t) is then given by x t (z,t) — 3u(x(t,z)) with x(0,z) = z E R. 

This has a simple physical meaning. Consider freely flying particles in R, 
and trace a trajectory x(t) of one of the particles. Denote the velocity of a 
particle at the position x at the moment t by u(t, x), or rather, by 3u(t, x) := 
x(t). Due to the absence of interaction, the Newton equation of any particle 
is x(t) = 0. 

Let us illustrate this: The flow of the vector field Y = 3ud x is tilting the 
plane to the right with constant speed. The illustration shows how a graph of 
an honest function is moved through a shock (when the derivatives become 
infinite) towards the graph of a multivalued function; each piece of it is still 
a local solution. 
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2. Weak symplectic manifolds 
2.1. Review 

For a finite dimensional symplectic manifold (M,ui) we have the following 
exact sequence of Lie algebras: 

-» H°(M) -» G°°(M,R) grad " > 3£(M,w) — + fl^M) -» 0. 

Here H*(M) is the real De Rham cohomology of M, the space G°°(M,R) 
is equipped with the Poisson bracket { , }, 3£(M, u) consists of all vector 
fields £ with C^uj — (the locally Hamiltonian vector fields), which is a Lie 
algebra for the Lie bracket. Furthermore, grad^ / is the Hamiltonian vector 
field for / e G°°(M,R) given by i(grad w f)u = df and 7 (£) = fou;]. The 
spaces H°(M) and iJ 1 (M) are equipped with the zero bracket. 

Consider a symplectic right action r : M x G — > M of a connected Lie 
group G on M; we use the notation r(x,g) — r 9 (x) = r x {g) = x.g. By 
(x(x) — T e (r x )X we get a mapping £ : g — > X(M, w) which sends each 
element X of the Lie algebra g of G to the fundamental vector field X. This 
is a Lie algebra homomorphism (for right actions!). 

H (M ) i*. G°° (M, R) — >- X(M, w) — U- H 1 (M) 



A linear lift j : g -> G°°(M,M) of C with grad^oj = £ exists if and only 
if 7 ° C = in H 1 (M). This lift j may be changed to a Lie algebra ho- 
momorphism if and only if the 2-cocycle j : g x g — > H°(M), given by 
(i o j)(X, Y) = {j (X) , j (Y)} — j([X, Y]), vanishes in the Lie algebra cohomol- 
ogy H 2 (g, H°(M)), for if j = 5a then j — io a is a Lie algebra homomorphism. 
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If j '■ ~- * C°° {M, M) is a Lie algebra homomorphism, we may associate 
the moment mapping fi : M — > q' = L{q 1 R) to it, which is given by fi(x)(X) = 
x(X)(x) for x £ M and X £ g. It is G-equivariant for a suitably chosen (in 
general afBne) action of G on g'. 

2.2 

We now want to carry over to infinite dimensional manifolds the procedure of 
subsection (2.1). First we need the appropriate notions in infinite dimensions. 
So let M be a manifold, which in general is infinite dimensional. 

A 2-form u> G Q 2 (M) is called a weak symplectic structure on M if it is 
closed (dw — 0) and if its associated vector bundle homomorphism lJ : TM — ► 
T* M is injective. 

A 2-form w e f2 2 (M) is called a strong symplectic structure on M if it is 
closed (du> = 0) and if its associated vector bundle homomorphism lJ : TM — > 
T*M is invertible with smooth inverse. In this case, the vector bundle TM has 
reflexive fibers T X M: Let i : T X M — » (T X M)" be the canonical mapping onto 
the bidual. Skew symmetry of w is equivalent to the fact that the transposed 
(lJ)* = (of)* o i : T X M -» (T X M)' satisfies (cJ)* = -w. Thus, i = -((o/)" 1 )* o a/ 
is an isomorphism. 

2.3 

Every cotangent bundle T*M, viewed as a manifold, carries a canonical weak 
symplectic structure lom & Q 2 (T*M) 1 which is defined as follows. Let -k* m : 
T*M — > M be the projection. Then the Liouville form 9 M € Q 1 {T*M) is 
given by 6 M {X) = (tt t , m (X),T(tt* m )(X)) for X e T(T*M), where ( , ) 
denotes the duality pairing T*M x mTM — * M. Then the symplectic structure 
on T*M is given by ui M — —(16m, which of course in a local chart looks 
like u)e{{v, v'), (w, w')) = (w',v)e — (v',w)e- The associated mapping uf : 
T(o,o)(E x E ) = E x E' —> E' x E" is given by (v,v') >-> (-v',i E (v)), where 
i E ■ E — > E" is the embedding into the bidual. So the canonical symplectic 
structure on T*M is strong if and only if all model spaces of the manifold M 
are reflexive. 

2.4 

Let M be a weak symplectic manifold. The first thing to note is that the 
Hamiltonian mapping grad w : C°°(M, M) — > X(M, w) does not make sense in 
general, since (J: TM — > T*M is not invertible. Namely, grad" / = (ij/P 1 ° c?/ 
is defined only for those / € C°°(M, R) with df(x) in the image of a;" for all 
x E M. A similar difficulty arises for the definition of the Poisson bracket on 
C°°(M,M). 
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Definition 

For a weak symplectic manifold (M, uo) let T X M denote the real linear sub- 
space T£M = uf x (T x M) C T*M = L(T X M, R), and let us call it the smooth 
cotangent space with respect to the symplectic structure u> of M at x in view 
of the embedding of test functions into distributions. These vector spaces fit 
together to form a subbundle of T*M which is isomorphic to the tangent 
bundle TM via uf : TM -> T U M C T*M. It is in general not a splitting 
subbundle. 

2.5. Definition 

For a weak symplectic vector space (E, u>) let 

C~(.E,R) c C°°(E,R) 

denote the linear subspace consisting of all smooth functions / : E — > R such 
that each iterated derivative d k f(x) € Lg ym (.E;R) has the property that 

d k f(x)( ,y 2 ,...,y k )eE» 

is actually in the smooth dual E" C E' for all x, y 2 , • • • , yu € S, and that the 
mapping 

fe 

~* e 

(x,y 2 ,...,yk) i-» ,y 2 ,...,y k )) 

is smooth. By the symmetry of higher derivatives, this is then true for all 
entries of d k f(x) 7 for all x. 

2.6. Lemma. 

For / <G C°°(E,M) £/ie following assertions are equivalent: 
(1) df : E —> E' factors to a smooth mapping E — ► . 

(^J / has a smooth uj-gradient grad w / G X(-E) = C co (E,E) which satisfies 

df(x)y = w(grad w /(x),y). 
(3) feC™(E,R). 

Proof. Clearly, (3) (2) (1). We have to show that (2) (3). 
Suppose that / : £7 — > M is smooth and df(x)y = u(grad w f(x),y). Then 

<Pf(x)(y 1 ,...,y k ) = d k f(x)(y 2 ,...,Vk,Vi) 

= (d fe - 1 (4f))(x)( 2/2 ,...,y fc )(y 1 ) 

= W (d fe - 1 (grad w f)(x)(y 2 ,...,y k ), yi )n 
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For a weak symplectic manifold (M, oj) let 

C£°(M,R) C C°°(M, R) 

denote the linear subspace consisting of all smooth functions / : M — > R 
such that the differential df : M — > T*M factors to a smooth mapping M — » 
T^M . In view of lemma (2.6) these are exactly those smooth functions on 
M which admit a smooth w-gradient grad" / £ X(M). Also the condition 
(2.6.1) translates to a local differential condition describing the functions in 
C~(M,R). 

2.8. Theorem. 

TTie Hamiltonian mapping grad" : C2°(M, R) — ► 3t(M,w), w/wc/i is given by 

igrad- fU = df or grad" / := (cJ)" 1 o df 

is well defined. Also the Poisson bracket 

{ , }:C~(M,R)xC-(M,R)^C~(M,R) 
{/) 5} : = *grad- /igrad- 9 w = w(grad" g, grad w /) = 
= d< ? (grad"/) = (grad" /)(<?) 

is well defined and gives a Lie algebra structure to the space C™(M, R), which 
also fulfills 

{f,9h} = {f,g}h + g{f,h}. 

We have the following long exact sequence of Lie algebras and Lie algebra 
horaoraorphisms: 

-» H°(M) -» C~(M,M) ; £(M,w) H*(M) -» 0, 

w/iere H°(M) is the space of locally constant functions, and 

{if e C°°(M <- T U M) :d(p = 0} 



Ht(M) 



{df:f€ C~(M, 



is £fte /irsi symplectic cohomology space of (M,lj), a linear subspace of the 
De Rham cohomology space H (M). 

Proof. It is clear from lemma (2.6), that the Hamiltonian mapping grad w is 
well defined and has values in X(M, u)), since by [31], 34.18.6 we have 

'Cgrad'" = igrad"" fduJ + di grad ^ /W = ddf = 0. 

By [31], 34.18.7, the space X(M,w) is a Lie subalgebra of X(M). The Poisson 
bracket is well defined as a mapping { , } : C~(M,R) x C2°(M,R) -» 
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C°°(M, R); it only remains to check that it has values in the subspace 

This is a local question, so we may assume that M is an open subset of 
a convenient vector space equipped with a (non-constant) weak symplectic 
structure. So let /, g g C~(M,R), then {f,g}(x) = d#(x)(grad w f(x)), and 
we have 

d({f,g})(x)y = d(dg( )y)(x). grad" f(x) + d fl (x)(d(grad w f){x)y) 
= rf(w(grad w 5( ), y)(x). grad w /(x) + w(grad w #(x), d(grad w f)(x)yj 

= u(d(grad w g)(x)(grad w /(x)) - d(grad" /)(x)(grad w g(x)),y^, 

since grad" / € 3£(M, w) and for any X g X(M, w) the condition Cx^ = 
implies uj(dX(x)yi,y 2 ) = —Ld(yi,dX(x)y 2 ). So (2.6.2) is satisfied, and thus 

{/, ff }eC~(M,R). 

If X g X(M,u>) then di x ^> = £xw = 0, so [i x ui] g tf^M) is well defined, 
and by = w we even have 7(X) := [ix^] € H*(M), so 7 is well 
defined. 

Now we show that the sequence is exact. Obviously, it is exact at H°(M) 
and at C£° (M, R) , since the kernel of grad" consists of the locally constant 
functions. If j(X) = then ufo X = i x u = df for / g C~(M, R), and clearly 
X = grad w /. Now let us suppose that ip g r(T u M) C Q 1 {M) with d<£ = 0. 
Then X := (cJ) _1 o ip g X(M) is well defined and £xw = dix^ = dtp = 0, so 
X g X(M,lu) and 7 (X) = [</>]. 

Moreover, H^(M) is a linear subspace of if^M) since for 93 g r{T"M) C 
!7 X (M) with p = d/ for / g C°°(M, R) the vector field X := (w^op g X(M) 
is well defined, and since uol = = d/ by (2.6.1) we have / g C£°(M, R) 
with X = grad w /. 

The mapping grad" maps the Poisson bracket into the Lie bracket, since 
by [31], 34.18 we have 

Vad-{/,g}W = d{f, g} = d£ grad ^ f g = £ grad - fdg = 

^grad^ /^grad^ ^grad^ p-^grad^ 

[•Cgrad'" /) *grad" g}^ *[grad^ /,grad" g]^ '• 

Let us now check the properties of the Poisson bracket. By definition, it is 
skew symmetric, and we have 

{{/>5}>^} = ^grad" {f,g}h = ^[grad^ /,grad^ g] h = [£g ra d- / , £grad" g] h = 

= ^grad" /^grad"" gh ~ £ g ra,d"> g^grad 1 " fk = {/, ft}} - {g, {/, ft,}} 
{/) 9 h } = -Cgrad- /(5^) = OCgrad- fd)h + .9^g rad - /ft = 

= {f,g}h + g{f,h}. 

Finally, it remains to show that all mappings in the sequence are Lie algebra 
homomorphisms, where we put the zero bracket on both cohomology spaces. 
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For locally constant functions we have {c\, c 2 } = >C gra d^ C1 C 2 = 0. We have al- 
ready checked that grad" is a Lie algebra homomorphism. For X, Y G X(M, ui) 

i^x.Y]^ — iy]u> — Cxiyu + = dixiy^j + ix£y^ = dixiyu 
is exact. □ 

2.9. Weakly symplectic group actions 

Let us suppose that an infinite dimensional regular Lie group G with Lie 
algebra g acts from the right on a weak symplectic manifold (M, u>) by r : 
M x G — > M in a way which respects uj, so that each transformation r 9 is a 
symplectomorphism. This is called a symplectic group action. We shall use the 
notation r(x,g) = r 9 {x) — r x {g). Let us list some immediate consequences: 

(1) The space C^(M) G of G -invariant smooth functions with u>- gradients 
is a Lie subalgebra for the Poisson bracket, since for each g £ G and /, h G 
C°°(M) G we have (r s )*{/, ft} = {(r s )*/, (r 9 )*ft} = {f,h}. 

(2) For x G M the pullback of oj to the orbit x.G is a 2-form, invariant 
under the action of G on the orbit. In the finite dimensional case the orbit is an 
initial submanifold. In our case this has to be checked directly in each example. 
In any case we have something like a tangent bundle T x (x.G) — T(r x )g. If 
i : x.G — > M is the embedding of the orbit then r 9 o i = i o r 9 , so that 
i*uj = i*(r 9 )*u> = (r 9 )*i*uj holds for each g G G and thus i*u> is invariant. 

(3) The fundamental vector field mapping Q : g — > X(M,u), given by 
(x(x) — T e (r x )X for X G and x G M, is a homomorphism of Lie algebras, 
where g is the Lie algebra of G (for a left action we get an anti homomorphism 
of Lie algebras). Moreover, ( takes values in 3£(M, ui). Let us consider again 
the exact sequence of Lie algebra homomorphisms from (2.8): 

H°(M) C™{M) X(M,lj) — U- Hl(M) 

C 

""■ 

One can lift Q to a linear mapping j : q C°°(M) if and only if 7 o £ = 0. In 
this case the action of G is called a Hamiltonian group action, and the linear 
mapping j : g — > C°°(M) is called a generalized Hamiltonian function for the 
group action. It is unique up to addition of a mapping aor for t : g — > H°(M). 

(4) If H^(M) — then any symplectic action on (M,u>) is a Hamiltonian 
action. But ifjo( ^ we can replace g by its Lie subalgebra ker(7o() c g and 
consider the corresponding Lie subgroup G which then admits a Hamiltonian 
action. 

(5) If the Lie algebra g is equal to its commutator subalgebra [g,g], the 
linear span of all [X, Y] for X, Y G ( true for all full diffeomorphism groups ), 
then any infinitesimal symplectic action £ : g — > X(M, u>) is a Hamiltonian 
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action, since then any Z £ g can be written as Z — X^J^i Yi] so that (z — 
[Cx t > C^»] € im(grad") since 7 : £(M, w) — > i? 1 (M) is a homomorphism into 
the zero Lie bracket. 

(6) If j : g — > (C£° (M), { , }) happens to be not a homomorphism of Lie 
algebras then c(X,F) = {j(X),j(Y)} - j([X,Y]) lies in H°(M), and indeed 
c : x g — + H°(M) is a cocycle for the Lie algebra cohomology: c([X, Y],Z) + 
c([Y, Z],X) + c([Z, X],Y) = 0. If c is a coboundary, i.e., c(X, K) = -6([X, Y]), 
then j + a o 6 is a Lie algebra homomorphism. If the cocycle c is non-trivial 
we can use the central extension H°(M) x c g with bracket [(a, X), (b, Y)] = 
{c(X,Y), [X,Y]) in the diagram 

H°(M) 2-*- C~(M) _E!^ x(M, w ) -^U- fl£(M) 

J C 
tf^M) x c0 — ^0 

where j(a, X) = j(X) + a(a). Then j is a homomorphism of Lie algebras. 

2.10. Momentum mapping. 

For an infinitesimal symplectic action, i.e. a homomorphism £ : — > X(M,u>) 
of Lie algebras, we can find a linear lift j ' : g — > C^f{M) ?/ and only if there 
exists a mapping 

J e C^°(M,0*) := {/ e C°°(M,0*) : (/( ),X) e C2°(M) /or a Z/ X e 0} 
suc/i i/mi 

grad w «J,X)) =Cx for all X eg. 

The mapping J <G C£°(M, 0*) is called the momentum mapping for the 
infinitesimal action £ : — > X(M, w). Let us note again the relations between 
the generalized Hamiltonian j and the momentum mapping J: 

J:M^0*, j:fl-CS°(M), C:fl^X(M^) 
(J,X)=j(X)eC~(M), grad w (j(X)) = C(X), leg, (1) 
«C(x)^ = = d(J,X), 

where ( , ) : 0* x — > R is the duality pairing. 

2.11. Basic properties of the momentum mapping 

Let r : M x G ^ M be a Hamiltonian right action of an infinite dimensional 
regular Lie group G on a weak symplectic manifold M, let j : g ~ ■* C£° (M) be a 
generalized Hamiltonian and let J G C£°(M, g*) be the associated momentum 
mapping. 

(%) For x e M, f/ie transposed mapping of the linear mapping dJ(x) : 
T X M -» 0* zs 
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dJ(x) T : g T*M, dJ(x) T =u> x o(, 
since for £ £ T X M and X £ g we have 

(dJ(Z),X) = (it<U,X) = i c d<J,X) = i^uj = (u; x (( x (x)),0- 

(2) The closure of the image dJ(T x M) of dJ(x) : T X M — > g* is t/ie anni- 
hilator g° o/ i/ie isotropy Lie algeba g x := {X £ g : Oc(x) = 0} in g* 7 since 
the annihilator of the image is the kernel of the transposed mapping, 

im(dJ(x))° = kcr(dJ(x) T ) = ker^ o Q = kcr(cv x oQ = q x . 

(3) The kernel of dJ{x) is the symplectic orthogonal 

(T(r x ) Q )^ = (T x (x.G))^ C T X M, 
since for the annihilator of the kernel we have 



kei(dJ(x))° = im(dJ(x) T ) = im(6j x o() = 

= {Q x (tx(x)) ■Xeg} = lu x (T x (x.G)). 

(4) If G is connected, x £ M is a fixed point for the G -action if and only if x 
is a critical point of J, i.e. dJ(x) = 0. 

(5) (Emmy Noether's theorem) Let h £ C£°(M) be a Hamiltonian function 
which is invariant under the Hamiltonian G action. Then ciJ(grad w (/i)) = 0. 
Thus the momentum mapping J : M — > g* is constant on each trajectory (if 
it exists) of the Hamiltonian vector field grad w (/i). Namely, 

(dJ(grad"(/i)),X) = d(J,X)(grad"(h)) = dj(X)(grad u '(/i)) = 

= {h,j(X)} = -dh(gi<id" j(X)) = dh(Cx) = 0. 

E. Noether's theorem admits the following generalization. 
2.12. Theorem. 

Let G\ and G 2 be two regular Lie groups which act by Hamiltonian actions n 
and r-i on the weakly symplectic manifold (M,u>), with momentum mappings 
J\ and J2, respectively. We assume that J2 is G\-invariant, i.e. J2 is constant 
along all Gi-orbits, and that G2 is connected. 

Then J\ is constant on the G2- orbits and the two actions commute. 

Proof. Let Q : Qi — > X(M, oj) be the two infinitesimal actions. Then for 
X\ £ Q\ and X2 £ Q2 we have 

{ J ii x i) = \l d(J 1; Xi) = i C 2 i c i w = {(J 2 ,X 2 ),(Ji,X 1 )} 

= -{(JuXt), (J 2 ,x 2 )} - -i Cxi d(J2,x 2 ) = -jC cki {J 2 ,x 2 ) = 
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since J 2 is constant along each Gi-orbit. Since G 2 is assumed to be con- 
nected, Ji is also constant along each G2-orbit. We also saw that each Pois- 
son bracket {( J 2 , X 2 ), (Ji, Xi)} vanishes; by grad w (Ji,X t ) = ( x . we conclude 
that [Cir^CxJ = ® f° r a ^ ^ e & which implies the result if also Gi is con- 
nected. In the general case we can argue as follows: 

(rf )*& 2 = (rf )*grad-(J 2 ,X 2 ) = (rf f^d^ X 2 )) 

= (((rf y^T'ddr? )*J2,X 2 ) = (u>- 1 d(J 2 ,X 2 ) = grad" <J 2 ,X 2 ) =& a . 

Thus rf 1 commutes with each j-^^** 2 ^ and thus with each r 2 2 , since G 2 is 
connected. □ 

3. Right invariant weak Riemannian metrics on Lie 
groups 

3.1. Notation on Lie groups 

Let G be a Lie group which may be infinite dimensional, but then is supposed 
to be regular, with Lie algebra g. See appendix (B) for more information. Let 
[i : G x G — > G be the multiplication, let \i x be left translation and /x y be 
right translation, given by fJ, x (y) = H y (x) = xy = fi(x, y). 

Let L,R : g — > X(G) be the left and right invariant vector field mappings, 
given by Lx{g) = T e (fi g ).X and Rx = T e (fi 9 ).X, respectively. They are 
related by Lx(g) = R-Ad(g)x(g)- Their flows are given by 

Fl^(g) = g.exp{tX) = ^ p{tx) (g), F\**(g) = exp(tX).g = ^ xp{tx) (g). 

We also need the right Maurer-Cartan form re — re r G i7 1 (G,g), given 
by re x (£) ■— T x ([i x ) • £. It satisfies the right Maurer-Cartan equation dn — 
5 [re, re] A = 0, where [ , ] A denotes the wedge product of g- valued forms on 
G induced by the Lie bracket. Note that i[re, re] A (£, 77) = [re(£), re(?7)]. The 
(exterior) derivative of the function Ad : G — > GL(q) can be expressed by 

dAd = Ad.(ado«') = (ado K r ). Ad, 

since we havedAd(7> s .A) = f t \ Ad(g. exp(tX)) = Ad(g). ad(re'(T^ 3 .X)). 

3.2. Geodesies of a right invariant metric on a Lie group 

Let 7 = ( , ) : g x g ^ R be a positive definite bounded (weak) inner product. 
Then 

7x(£,r?) = (T(p- x l ) ■ £, T(fi x l ) ■ 77)) = (re(0,re(r?)) (1) 

is a right invariant (weak) Riemannian metric on G, and any (weak) right 
invariant bounded Riemannian metric is of this form, for suitable ( , ) . 
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Let g : [a, b] — > G be a smooth curve. The velocity field of g, viewed in the 
right trivializations, coincides with the right logarithmic derivative 

S r (g) = T^- 1 ) . dt g = K ( dtg ) = (g* K )(d t ), where d t = ^. 

The energy of the curve g(t) is given by 

E(g) = \ [ G g (g',g')dt = \ [ ((g* n)(d t ), (g* n)(d t )) dt. 

J a J a 

For a variation g(s,t) with fixed endpoints we have then, using the right 
Maurer-Cartan equation and integration by parts, 

d s E{g) = i f 2{d s (g*K)(d t ), (g* K )(d t ))dt 

J a 

= [ b {d t (g*K)(d s )-d(g*K)(d u d s ), {g*n){d t ))dt 

J a 

= j \-((g*K)(d s ), d t (g*K)(d t )) - ([(g*K)(d t ),(g*K)(d s )}, (g*K)(d t ))) 

J a 

= - [\(g*K)(d s ), d t (g*K)(d t ) + &d((g*K)(d t )) T ((g*K)(d t )))dt 

J a 



where &d((g* K,)(d t )) T : — > is the adjoint of ad((#* «)(9 t )) with respect to 
the inner product ( , ) . In infinite dimensions one also has to check the exis- 
tence of this adjoint. In terms of the right logarithmic derivative u : [a, b] — > g 
of g : [a, b] -> G, given by u(t) := g*n{d t ) = T g{t) (^ ') • g'(t), the geodesic 
equation has the expression: 



dt 



ut = — ad(u) T u (2) 



This is, of course, just the Euler-Poincare equation for right invariant systems 
using the Lagrangian given by the kinetic energy (see [34], section 13). 

3.3. The covariant derivative 

Our next aim is to derive the Riemannian curvature and for that we develop 
the basis-free version of Cartan's method of moving frames in this setting, 
which also works in infinite dimensions. The right trivialization, or framing, 
(ttg, k) ■ TG — > G x g induces the isomorphism R : C°°(G,0) — > X(G), given 
by R(X)(x) := Rx(x) := T e ((i x ) ■ X(x), for X e G°°(G,0) and x e G. Here 
X(G) := r(TG) denote the Lie algebra of all vector fields. For the Lie bracket 
and the Riemannian metric we have 
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[Rx,Ry] =R(-[X,Y] B + dY-R x -dX-R Y ), (1) 
R- 1 [Rx,Ry] = -[X,Y\ 9 + Rx(Y)-R y (X), 
lx (R x (x),R Y (x))=i(X(x),Y(x)),xeG. 

In the sequel we shall compute in G°°(G, g) instead of X(G). In particular, 
we shall use the convention 

VxY-^R-^VrxRy) forX,reG°°(G,g). 

to express the Levi-Civita covariant derivative. 
Lemma. 

Assume that for all £ G g the adjoint ad(£) T with respect to the inner product 
( , ) exists and that £ > ad(£) T is bounded. Then the Levi-Civita covariant 
derivative of the metric (3.2.1) exists and is given for any 1,7 6 G°°(G,g) 
in terms of the isomorphism R by 

\7 X Y = dY.Rx + \ ad(X) T r + \ ad(T) T X - \ ad(X)Y. (2) 

Proof. Easy computations show that this formula satisfies the axioms of a 
covariant derivative, that relative to it the Riemannian metric is covariantly 
constant, since 

Rxj{Y, Z) = -/{dY.Rx, Z) + 7 (y, dZ.R x ) = l{V x Y, Z) + 7 (F, V X Z), 
and that it is torsion free, since 

V X Y - VyI + [X, Y] g - dY.R x + dX.Ry = O.D 

For £ e g define a(£) : g — > g by a(£)ry := ad(ry) T £. With this notation, 
the previous lemma states that for all X € G°° (G, g) the covariant derivative 
of the Levi-Civita connection has the expression 

V x = R X + \&&{X) T + \a{X)-\&&{X). (3) 
3.4. The curvature 

First note that we have the following relations: 

[RxM{Y)\ = *A{Rx(Y)), [Rx,a(Y)]=a(R x {Y)), (1) 

[R x ,ad(Y) T ] = & d(R x (Y)) T , [adpO T ,ad(F) T ] = - ad([X, T] g ) T . 

The Riemannian curvature is then computed by 

R( X > Y ) = [Vx,Vy] - V ' -[X,Y\ 3 +R X {Y)-R Y (X) 

= [Rx + ± ad(X) T + \a{X) - \ ad(X),R Y + \ ad(y) T + \a{Y) - \ ad(F)] 
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- R-[x.Y] e +R x (Y)-R Y (x) - \ ad(-[X,Y] g + R X (Y) - Ry(X)) 

- \a{-[X,Y] 6 + R X (Y) - R Y {X)) + \ ad(-[X, Y] e + R X (Y) - R Y (X)) 
= -i[ad(X) T + ad(X), ad(F) T + ad(F)] (2) 

+ i[ad(X) T - ad(X), a(Y)} + \[a(X), ad(F) T - ad(F)] 
+ \[a(X),a(Y)] + ±a([X,Y] g ). 

If we plug in all definitions and use 4 times the Jacobi identity we get the 
following expression 

7 (4ft(X, Y)Z, U) = +2 7 (LY, Y], [Z, U]) - 7 ([F, Z], [X, U]) + 7 ([X, Z], [Y, U\) 

- 7 (Z, [U, [X, Y]]) + 7 (£7, [Z, [X, Y]}) - 7 (Y, [X, [U, Z]]) - 7 (X, [y, [Z, U]}) 
+ 7 (ad(X) T Z, ad(Y~) T J7) + 7 (ad(X) T Z, ad([T) T y) 

+ 7 (ad(Z) T X, ad(Y) T U) - 7 (ad(C/) T X, ad(T) T Z) (3) 

- 7 (ad(Y) T Z, &d(X) T U) - 7 (ad(Z) T Y", &d(X) T U) 

- 7 (ad([/) T X, ad(Z) T Y~) + 7 (ad([/) T Y~, ad(Z) T X ). 

This yields the following expression which is useful for computing the sectional 
curvature: 

4y(R,(X, Y)X, Y) = 3 7 (ad(X )Y", &d{X)Y) - 2 7 (ad(Y~) T X , ad(X)Y) 

- 2 7 (ad(X) T Y, ad(Y)X) + 4 7 (ad(X) T X, ad(Y) T Y) (4) 

- 7 (ad(X) T Y + ad(Y) T X, ad(X) T Y + &d(Y) T X). 

3.5. Jacobi fields, I 

We compute first the Jacobi equation directly via variations of geodesies. So 
let g : K 2 — > G be smooth, f i— » s) a geodesic for each s. Let again 
w, = n{d t g) = (g*n)(dt) be the velocity field along the geodesic in right 
trivialization which satisfies the geodesic equation ut = — ad(u) u. Then 
y := n{d s g) = (g*n)(d s ) is the Jacobi field corresponding to this variation, 
written in the right trivialization. From the right Maurer-Cartan equation we 
then have: 

Vt =d t (g*K)(d s ) =d(g* K )(d u d s )+d s (g* K )(d t ) + Q 
= {(g*K)(d t ),(g*K)(d s )] g +u s 
= [u,y]+u s . 

Using the geodesic equation, the definition of a, and the fourth relation in 
(3.4.1), this identity implies 

u s t = uts = d s u t = — d s (a,d(u) T u) = — ad(u s ) T w — ad(it) u s 
= -&d(y t + [y,u]) T u - a,d(u) T (y t + [y,u]) 
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= -a(u)y t - ad([y,u]) T u - a,d(u) T y t - ad(u) T ([y, u}) 

= -ad(u) T y t - a(u)y t + [ad(y) T , ad(u) T ]u - ad(w) T &d(y)u . 

Finally we get the Jacobi equation as 

Vtt = [ut,y] + [u,y t ] + u 8t 

= ad(y) ad(w) T u + ad(u)y t - &d(u) T y t 

— a(u)y t + [ad(y) T , ad(w) T ]u — ad(u) T &d(y)u , 
Vtt = [ad(y) T + ad(y), ad(u) T ]w - a,d(u) T y t - a(u)y t + a,d(u)y t . (1) 

3.6. Jacobi fields, II 

Let y be a Jacobi field along a geodesic g with right trivialized velocity field u. 
Then y should satisfy the analogue of the finite dimensional Jacobi equation 

V dt V dt y + K(y,u)u = 

We want to show that this leads to same equation as (3.5.1). First note that 
from (3.3.2) we have 

Va t y = yt + \ ad(u) T y + \a(u)y - \ &d(u)y 

so that, using u t = — ad(u) T u, we get: 

Va t Va t y = V 9t (y t + \ ad(u) T y + \a(u)y - \ ad(u)y) 

= ytt + \ ad(u t ) T y + | ad(u) T y t + \a{u t )y 
+ \a{u)y t - \ a,d(u t )y - \ ad(u)y t 

+ | ad(w) T (y t + \ ad(u) T y + \a{u)y — \ ad(w)y) 
+ \a(u) (y t + \ ad(u) T y + \a(u)y - \ ad(u)y) 

- \ ad(w) (y t + i ad(w) T y + ^afu)?/ - 5 ad(u)y) 

= y tt + ad(u) T y t + a(u)y t - ad(u)y t 

- \a(y) &d(u) T u — | ad(y) T ad(u) T u — \ ad(y) ad(w) T u 

+ i ad(w) T ^±a(y)?i + \ ad(y) T u + | ad(y)u) 
+ ia(u) ^±a(y)?i + \ ad(y) T u + | ad(y)?i^ 

- I ad(w) (±a(y)w + | ad(y) T u + | ad(y)w) . 
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In the second line of the last expression we use 

— \a(y) ad(u) T u = — \a{y) ad(u) T u — \a{y)a{u)u 

and similar forms for the other two terms to get: 

Va ( V 9t y = ytt + ad(w) T y t + a(u)y t - ad(u)y t 

+ i[ad(w) T ,a(y)]u+ i[ad(u) T ,ad(y) T ]u+ i[ad(u) T ,ad(j/)]u 
+ \[u{u), a(y)]u + \[a(u), ad(y) T ]u + j[a(u), ad(y)]u 

- i[ad(u), a(y)]u - |[ad(u), ad(y) T + ad(y)]w, 



where in the last line we also used &d(u)u = 0. We now compute the curvature 
term using (3.4.2): 

1Z(y, u)u = — i[ad(y) T + ad(y), ad(w) T + ad(u)]u 

+ j[ad(y) — ad(y), a(u)]u + \[a(y), ad(u) T — ad(u)]u 
+ \[ot{y),Oi{u)] + \a([y,u])u 
= -±[ad(y) T + &d(y),&d(u) T ]u- ±[ad(y) T + &d(y) , &d{u)]u 
+ i[ ad (y) T , a(u)]u- j[a,d(y),a(u)]u+ \[a{y), ad(u) T - ad(u)]u 
+ |[a(2/), a(u)]u + \ ad(u) T a,d(y)u . 



Summing up we get 

^dt^dtV + K(y, u)u = y tt + ad(u) T y t + a(u)y t - &d(u)y t 
- ±[ad(y) T +ad(y),ad(u) T ]w 
+ i[a(u), ad(y)]u + \ ad(w) T ad(y)u . 

Finally we need the following computation using (3.4.1): 

|[a(w), ad(y)]u = ^a(u)[y,u] — | ad(t/)a(it)u 

= | ad([y, m]) t u — | ad(y) ad(w) T ?i 

= — |[ad(j/) T , ad(u) T ]u — | ad(y) &d(u) T u . 

Inserting we get the desired result: 

V 9t V dt y + K(y, u)u = y tt + ad(u) T y 4 + a(u)y t - ad(u)y t 
- [ad(y) T + ad(y), ad(u) T ]u. 
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3.7. The weak symplectic structure on the space of Jacobi fields 

Let us assume now that the geodesic equation in g 

u t = — ad(w) T w 

admits a unique solution for some time interval, depending smoothly on the 
choice of the initial value u(0). Furthermore we assume that G is a regular 
Lie group (B.9) so that each smooth curve u in g is the right logarithmic 
derivative of a smooth curve g in G which depends smoothly on u, so that 
u = (g*n)(dt). Furthermore we have to assume that the Jacobi equation along 
u admits a unique solution for some time, depending smoothly on the initial 
values y(0) and 2/t(0). These are non-trivial assumptions: in (A. 4) there are 
examples of ordinary linear differential equations 'with constant coefficients' 
which violate existence or uniqueness. These assumptions have to be checked 
in the special situations. Then the space J u of all Jacobi fields along the 
geodesic g described by u is isomorphic to the space g x g of all initial data. 

There is the well known symplectic structure on the space J u of all Jacobi 
fields along a fixed geodesic with velocity field u, see e.g. [28], II, p. 70. It is 
given by the following expression which is constant in time t: 

u){y,z) : = (y,V dt z) - {^d t y,z) 

= (y, z t + \ ad(w) T z + ^a(u)z — \ ad(u)z) 

- (yt + \ ad(u) T y + \a(u)y - \ ad(u)y, z) 
= (y,zt) - (yt,z) + ([u,y],z) - (y, [u,z]) - ([y,z],u) 
— (y, z t — ad(u)z + |ct(u)z) — (y t — ad(it)y + ^a(u)y, z) . 

It is worth while to check directly from the Jacobi field equation (3.5.1) that 
oj(y,z) is indeed constant in t. Clearly uj is a weak symplectic structure on 
the relevant vector space J u = g x g, i.e., lo gives an injective (but in general 
not surjective) linear mapping J u — > J*. This is seen most easily by writing 

u(y,z) = (y,zt - r g (u,z))\ t = - (yt- r g (u,y),z)\ t = 

which is induced from the standard symplectic structure on g x g* by applying 
first the automorphism (a, b) (a, 6— r g (u, a)) to g x g and then by injecting 
the second factor g into its dual g* . 

For regular (infinite dimensional) Lie groups variations of geodesies exist, 
but there is no general theorem stating that they are uniquely determined 
by y(0) and j/t(0). For concrete regular Lie groups, this needs to be shown 
directly. 
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4. The Hamiltonian approach 

4.1. The symplectic form on T*G and G X g* 

For an (infinite dimensional regular) Lie group G with Lie algebra elements 
in the cotangent bundle 7r : (T*G,lu g ) — > G are said to be in material or 
Lagrangian representation. The cotangent bundle T*G has two trivializations, 
the left one 

(n G ,K l ) :T*G^Gxg*, 
T;G 3a g ^ (g,T e (fi g ya g = T* g {^ g -,)a g ), 
also called the body coordinate chart, and the right one, 
(TT G ,K r ):T*G^Gx Q *, 

T*G 3a g ^ (g, T e (^)*a g = T» 3 ), (1) 

T g (^~ 1 )*a^(g,a)eGxg* 

also called the space or Eulerian coordinate chart. We will use only this from 
now on. The canonical 1-form in the Eulerian chart is given by (where ( , ) : 
g* x g — > M is the duality pairing): 

e G xASg><*,0) ■= ((fa kT 1 )*^)^)^, <*,/?) 

= Mr (s , Q) (7r,K i r 1 (£ 3 ,a,/3)) 

= (7Tr. G (T (flia) (tt, k 1 -)- 1 ^, «, /?)), r(7r)(T (fl , a) (tt, a, /?))) 

= (K«'-)- 1 ^ G ^ r )(C s ,a,/3),T( 7 ro(^ K '-)- 1 )(e 9 ,a,/3))) 
= (K^)- 1 ^^),^)^^,/?))) - (W^a,^) 

H",W")U = (^« r (^)> (2) 

Now it is easy to to take the exterior derivative: For Xi e G, thus Rx t € X(G) 
right invariant vector fields, and g* 3 fa g X(g*) constant vector fields, we 
have 

»Gx fl '(i2jf i 0/),(a,A)) = (<*,Xi) 
e G x B *(Rx i ,(3 i ) = (ld a ,,X i ) = { ,Xi) 

w Gxfl . ((^ , ft), (#x 2 , 02)) = -dBcxf ((Rx, , (3i), (Rx 2 , A)) 

= -(Rx!, f3l)(0Gxg*(Rx 2 , fo)) + {Rx 2 , fh){9Gx.a*{Rx-L, Pi)) 

+ (6 G x S *([(Rx 1 ,Pi),Rx 2 ,p2)}) 
= -(R Xl ,Pi)(( ,X 2 )) + (R X2 ,p 2 ){{ 

+ (^Gx fl *(--R[X 1 ,X 2 ],O fl .) 

= -(/?!, X 2 ) + (/3 2 ,X 1 )-( ,[Xi,X 2 ]) 

(wcx,')m( C*V).*i, &)> CW)*2, ft)) 

= (/3 2 ,X 1 )-(/3 1 ,X 2 )-(a,[X 1 ,X 2 ]) (3) 
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4.2. The symplectic form on TG and G X g and the momentum 
mapping 

We consider an (infinite dimensional regular) Lie group G with Lie algebra 
g and a bounded weak inner product 7 : g x g — > K with the property the 
transpose of the adjoint action of G on g, 

1 (Ad(g) T X,Y)^ 1 (X,Ad(g)X), 

exists. It is then unique and a right action of G on g. By differentiating it 
follows that then also the transpose of the adjoint operation of g exists: 

7 (ad(X) T y, Z) = 9 t |o7(Ad(exp(iX)) T r, Z) = j{Y, ad(X)Z) 

exists. 

We cxtcd 7 to a right invariant Riemannian metric, again called 7 on G 
and consider 7 : TG — > T*G. Then we pull back the canonical symplectic 
structure loq to G x g in the right or Eulerian trivialization: 

7 :Gx g ^Gxg*,(j,I)^( 9l7 (I)) 
(7*w) (s , x) ((T(^).X 1 , X, Yi), (T(p°)X 2 ,X, Y 2 )) 

= w {gM x))({T( J M°).X 1 ,7(X)MYi)), (T(p 9 )X 2 , 7 (X), 7 (y 2 ))) 
= ( 7 (y 2 ), Xr) - ( 7 (y),X 2 ) - ( 7 (X),[X 1 ,X 2 ]) 

= 7(y 2 ,x 1 )- 7 (y 1 ,x 2 )-7(x,[x 1 ,x 2 ]) (i) 

Since 7 is a weak inner product, j*lu is again a weak symplectic structure on 
TG = G x g. We compute the Hamiltonian vector field mapping (symplectic 
gradient) for functions / € G5£ W (G x g) admitting such gradients: 

(7*w) (fl ,J0 (grad^(/)( 3 ,X),(T(^)X 2 ,X,y 2 )) = df(T(^)X 2 ; X,Y 2 ) 
= d 1 f(g,X)(T(^)X 2 ) + d 2 f{g,X){Y 2 ) 
= 7 ( K r (grad7(/)(.g,X)),X 2 ) + 7 (grad](.f)( 5 ,X),y 2 ) 
= j(X u y 2 ) + 7 (-y - ad(X!) T X,X 2 ) by ((1)). 

Thus the Hamiltonian vector field of / e G^? W (G x g) = G~(G x g) is 

grad^(/)( 5 ,X)= (2) 
(T(/i») grad^/X*?, X), X, - ad(grad](/)( 3 , X)) T X - ^(grad? (/)(<?, X))) 

In particular, the Hamiltonian vector field of the function (g, X) 1— » j(X, X) = 
\\X\\^ on TG is given by: 

grad^(±|| \\ 2 7 )(g,X) = (T(p3)X;X,- a d(X) T X) (3) 
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We can now compute again the flow equation of the Hamiltonian vector field 
grad 7 * w (i|| ||2) : For g t (t) € TG we have 

(n G , K r )(g t (t)) = (g(t),u(t)) = {g{t),T{^)g t {t)) 

and 

d t {g,u)=&*£ 1 * u {\\\ \\*)(g, u) = (T( M >, u, - ad( M ) T w). (4) 
which reproduces the geodesic equation from (3.2). 

4.3. The momentum mapping 

Under the assumptions of (4.2), consider the right action of G on G and 
its prolongation to a right action of G on TG in the Eulcrian chart. The 
corresponding fundamental vector fields are then given by: 

T(n 9 ) : TG -» TG, 
(tt, K r )T(^)T(ti h )X = (tt, K r )T(jj, h °)X = X ), (h, X) -> (%, X) 

C^ Xfl (^,r) - 9 t | (/i.exp(tX),y) = (T(/i fc )X,0y) G TG x T (1) 

Consider now the diagram from (2.1) in the case of the weak symplectic man- 
ifold (M = G x , 7* u): 

H a (G x g, R) gradT " , £(G x g, 7 * w ) > H\. u 

From the formulas derived above we see that for j(X)(h, Y) := j(Ad(h)X, Y) 
we have: 

j(gra<%(j(X))(h,Y),Z) = d 2 (j(X))(h,Y)(Z) = 7 (Ad(h)X,Z) 
gvadUj(X))(h,Y) = Ad(h)X 

7 (grad7(. ? (X))(/ l ,y),T(/)Z) = d(j(X))(T(fi h )Z, Y,0) 

= 7 (d Ad(T(» h )Z)(X), Y) = 7 (((ado^) kd){T{» h )Z){X), Y) 

= 7 (ad(Z) Ad(h)X, Y) = -j([Ad(h)X, Z],Y) = -j(Z, &d(Ad(h)X) T Y) 

K r (gra,dKj(X))(h,Y)) = -&d(Ad(h)X) T Y 

Thus the momentum mapping is 

J:Gx0^0*, JeG 7 °^(Gx0,0*) = 

= {/ g G oc (G x 0,0*) : (/( ),X) e G^JG xg)VIe fl } 
( J(h, y), X) = j(X)(h, Y) = j(Ad(h)X, Y) = j(Ad(h) T Y, X) 
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= ( 1 (Ad(h) T Y),X), 
J(h,Y)= 1 (Ad(h) T Y)e Q * 
J := 7 _1 o J : G x g -» g, 

j(/ i ,y) = Ad(/ 1 ) T re 8 . (2) 

(3) Note that the momentum mapping J : Gx g — > g* is cquivariant for the 
right G-action and the coadjoint action, and that J : G x g — > g is equivariant 
for the right action Ad( ) T on g: 

(J(%,F),X) - ( 7 (Ad(/ l . 9 ) T ^),^) =7(Ad( 5 ) T Ad(/ l ) T F,X) 

= 7 (Ad(/.) T r, Ad(g)X) = (j(Ad(h) T Y),Ad(g)X) 
= (Ad( 9 yj(Ad(h) T Y),X) = (Ad(g)*J(h,Y),X) 
J(hg, Y) = Ad(hg) T Y = Ad(g) T J(h, Y). 

(4) For x e G x g, the transposed mapping of dJ(x) : T X (G x g) — > g is 

<2J(x) T : g - T X *(G x g), dJ(x) T = (7*0;), o C, 

since for £ € T X (G x g) and legwe have 

j(dJ(Z),X) = d 7 (J,Xm = dj(X)(Z) = ((7*u,)(CxU>- 

f5j For x e G x q, the closure dJ(T x (G x g)) of the image of dJ(x) : 
T X (G x g) — > g is £/ie ^-orthogonal space g x n of the isotropy Lie algeba g x := 
{X e g : Cx(a^) = 0} m g, since the annihilator of the image is the kernel of 
the transposed mapping, 

im(dJ(x))° = kcr(dJ(x) T ) = kcr((j*uj) x oQ = ker(ev x oQ = q x . 

Attention: the orthogonal space with respect to a weak inner product need 
not be a complement. 

(6) For (h, Y) e G x g, the G-orbit (h, Y).G = G x {Y} is a submanifold 
of G x g. The kernel of dJ(h 7 Y) is the symplectic orthogonal space 

(%y)(Gx{y})) i|7,tf cTrtxj 

since for the annihilator of the kernel we have 

kcT(dJ(h 7 Y))° = im(dJ(h,Yy) = im(( 7 *u; (fc , y) oC), by ((4)), 
= {(r^Y)(Cx(x)) :leg}= (ru) (h ,Y)(T {h , Y )(G x {Y})), 
= ((T M (Gx{F}))^)°. 

The last equality holds by the bipolar theorem for the usual duality pairing. 

(7) Thus, for (h, Y) e G x g, 
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T(fi h )X 1 ,Y 1 ) e kei(dJ(h,Y)) 

(7* W ) (fci y ) ((T(/i h )A: 1 , Fi), (T(/i fc )Z, 0)) = for all Z e Q 
^0 = 0- j(Y u Z) - 7 (y, Z]) = - 7 (Y! + ad(X 1 ) T F, Z) V Z G g 
<^=> Yi = -ad(Xi) T Y. 

(^J (Emmy Noether's theorem) Let ft e G<2°(Gx g) &e a Hamiltonian func- 
tion which is invariant under the right G -action. Then dJ(grad 7 "(ft.)) = € 
g and aZso dJ(grad 7 "(ft)) = e 7(g) C g*. T/ims ifte momentum mappings 
J : G x g — > g and J : G x g — ► 7(g) c g* are constant on each trajectory 
(if it exists) of the Hamiltonian vector field grad 7 "(ft). Namely, consider the 
function 7 (J, X) = (J, X) = j(X). 

7 (dJ(grad 7 *"(ft)),A) = grad 7 *"(ft)( 7 (J,X)) = 

= {h^J.X)} = -{j{X),h} = -Cx(ft) = 0. 
(o!J(grad 7 *"(ft)), A) = grad 7 *"(ft)(( J, X)) = 

= {h,j(X)} = -{j(X),h} = -Cx(h) = 0. 

4.4. The geodesic equation via conserved momentum 

We consider a smooth curve t 1— > g(t) in G and (ttg, n r )g t {t) — (g(t),u(t)) = 
(ffW.TVW -1 )^*)) as in (4.2.4). Applying J : G x g ^ g to it we get 
J(g,u) — Ad(g) T u. We claim that ifte curves t 1— > g(t) in G /or which 
J(g(t),u(t)) is constant in t are exactly the geodesies in (G, 7). Namely, by 
(3.1) we have 

= 9 t Ad(. (t)) T U (t) - ((ado^)(d t3 (t)).Ad( 5 (t))) T U (t) + Ad(g(t)) T d t u(t) 
= Ad(g(t)) T ( a d(u(t)) T u(t) + u t (t)) 
^=^> u t = — ad(n) T w. 

4.5. Symplectic reduction to transposed adjoint orbits 

Under the assumptions of (4.2) we have the following: 

(1) For X <G J(G x g) the inverse image J _1 (X) C G x g is a manifold. 
Namely, it is the graph of a smooth mapping: 

J _1 (A) = {(ft, Y)eGxq: Ad(ft) T F = X} 

= {(ft, Ad(ft- X ) T X) : ft e G} G.D 

(2) j4t any point of J^ 1 (X), the kernel of the pullback of the symplectic 
form 7*0; on G x g /rom (4-2.1) equals the tangent space to the orbit of the 
isotropy group Gx ■= {g & G : Ad(.g) T A = X} through that point. 
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For (h,Y = Ad(/i- 1 ) T X) G J^PO the G x -orbit is h.G x x {T} and its 
tangent space at (ft, Y) is T(fi h )Q X x where gx = {2 e g : ad(Z) T X = 0}. 
The tangent space at (h,Y) of J~ 1 (X) is 

r (hl Ad(/ l -i)Tx)j" 1 ^) = {dt\ {exp(tZ).h, Ad((exp(tZ)./ l )- 1 ) T X) : Z G g} 
= {(T(n h )Z, - ad(Z) T Ad(/i" 1 ) T X) : Z e g} C T h G x g. 

For Zi,Z 2 G consider the tangent vectors (T(/j' 1 ) Ad(ft)Zi, Y, - ad(Zi)X) 
and {T(n h )Z, Y, - ad(Z) T Ad(fe- 1 ) T X) in T (fci y) J _1 (X). From (4.2.1), we get 

( 7 *a ) ) ( ^ y) ((T( A1 ' l )Ad(^)Z 1 ,-ad(Z 1 ) T X),(T( A1 ' l )Z 2 ,-ad(Z 2 ) T Ad(^- 1 ) T X)) 
= 7 (- ad(Z 2 ) T Ad(/i" 1 ) T X, Ad(A)Zi) - 7 (- ad^^X, Z 2 ) 

- 7 (y,[Ad(/i)Zi,Z 2 ]) 
= - 7 (Ad(^- 1 ) T X, ad(Z 2 ) Ad(/i)Zi) + 7(ad(Z!) T X, Z 2 )- 

- 7 (Ad(^ 1 ) T X, [Ad(/i)Z!,Z 2 ]) 
= 7 (ad(Zx) T X, Z 2 ) =0 VZ 2 G <f=> Z x G sx- □ 

(3) The reduced symplectic manifold J~ 1 (X)/Gx with symplectic form 
induced by j*uj\ j-ipn * s symplectomorphic to the adjoint orbit Ad(G) T X C 
witft symplectic form the pullback via 7 : — > 0* o/ ifte Kostant Kirillov 
Souriou form 

w a (ad(ri)*a,ad(y 2 )*a) = (a, [Yi, Y 2 ]) 

wfticft is given fry 

^z(ad(Y 1 ) T Z,ad(r 2 ) T Z) - W7(z) ( 7 ad(r 1 ) T Z, 7 ad(y 2 ) T Z) 

= co 7(z) (ad(r 1 )* 7 Z,ad(y 2 )* 7 Z) = ( 1 (Z),[Y 1 ,Y 2 ])= 1 (Z, [Y U Y 2 ]), 

since for Y, Z, U G we get 

( 7 ad(Y) T Z, U) = 7 (ad(Y) T Z, U) = 7 (Z, ad(Y)t/) = 

= ( 7 (Z),ad(F)f/) = (ad(y)* 7 (Z),[/}. 

The quotient space is J~ 1 {X)/G x = {{h.G x , Ad(/j- 1 ) T X) : ft G G} ^ 
Ad(G) T X = G/G x . The 2-form 7 *w|j-i(x) induces a symplectic form on 
the quotient by (2) and it remains to check that it agrees with the pullback 
of the Kirillov Kostant Souriou symplectic form. But this is obvious from the 
last computation in (2) (for the special case ft = e if the reader insists). □ 

(4) Reconsider the geodesic equation on the reduced space J~ 1 {X)/G x — 
Ad{G) T X. The energy function is E(Ad(g) T X) = ||| Ad(. 9 ) T X|| 7 . For Z = 
Ad{g) T X G Ad(G) T X the tangent space is given by T z (Ad(G) T X) = 
{ad(Y) T Z : Y G 0}. We look for the Hamiltonian vector field of E in the 
form grad" E{Z) = ad(i7g(Z)) T Z ', for a vector field He- The differential 
of the energy function is dE(Z)(ad(Y) T Z) = 7 (Z, ad(Y) T Z) = 7 ([Y,Z],Z) 
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which equals w z (grad" E(Z), ad(Y) T Z) = uj z (&d{H E (Z)) T Z, &d(Y) T Z) = 
r ){Z 1 [He(Z), Y)) from which we conclude that He{Z) = —Z will do (which is 
defined up to annihilator of Z). Thus grad w E(Z) = — &d(Z) T Z which leads 
us back to the geodesic equation u t — — &d{u) T u again. 

5. Vanishing .tf -geodesic distance on groups of 
diffeomorphisms 

This section is based on [40]. 

5.1 The if°-metric on groups of diffeomorphisms 

Let (N,g) be a smooth connected Riemannian manifold, and let Diff c (7V) be 
the group of all diffeomorphisms with compact support on N, and let Diffo(-/V) 
be the subgroup of those which are diffeotopic in Diff c (iV) to the identity; this 
is the connected component of the identity in Diff c (7V), which is a regular Lie 
group in the sense of [42], section 38. This is proved in [31], section 42. The Lie 
algebra is X C (N), the space of all smooth vector fields with compact support 
on N, with the negative of the usual bracket of vector fields as Lie bracket. 
Moreover, Diffo(A^) is a simple group (has no nontrivial normal subgroups), 
see [18], [50], [35]. The right invariant ff°-metric on Diff (7V) is then given as 
follows, where h,k : N — > TN are vector fields with compact support along <p 
and where X = ho ip^ 1 , Y = k o i\)~ x G X C (N): 



5.2. Theorem. 

Geodesic distance on Diffo(iV) with respect to the H°-metric vanishes. 

Proof. Let [0, 1] 3 t i— > tp(t, ) be a smooth curve in Diffo(iV) between ipo 
and <pi. Consider the curve u = ip t o tp^ 1 in X C (N), the right logarithmic 
derivative. Then for the length and the energy we have: 




(1) 




(1) 



(V) 



(3) 
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(4) Let us denote by Diff (N) E =° the set of all diffeomorphisms ip € Diff (iV) 
with the following property: For each e > there exists a smooth curve from 
the identity to ip in Diff (iV) with energy < e. 

(5) We claim that ~D\fi.o{N) E=0 coincides with the set of all diffeomorphisms 
which can be reached from the identity by a smooth curve of arbitraily short 
7° -length. This follows by (3). 

(6) We claim that Diffo(A r )- E=0 is a normal subgroup of Diff o ( N) . Let <p>\ e 
Diffo(A r ) B=0 and tp G Diff o (AT). For any smooth curve t \— > <p(t, ) from the 
identity to <p>\ with energy E^iip) < e we have 

£ 1 »(f 1 o^^)= f [ ||TV'- 1 o^oV||2vol((V'- 1 o V oVr5) 

JO J AT 

< supIlT^- 1 !! 2 - / / ll^o^H^^o^'voiaV- 1 )^) 

< sup HT^- 1 !! 2 • sup VOl((V '' 1 f g) ■ T / ||^ o i>f g {<p o ^)* vol(. 9 ) 
xeN xeN vol{g) J J N 



jg/v sew vol(g) 



< sup ||T X V> ^j 2 ■ sup ; v . E~o(<p). 



Since f/> is a diffcomorphism with compact support, the two suprema are 
bounded. Thus t/T 1 ° <pi ° ip € BiS (N) E=0 . 

(7) We claim that Diffo(N) E=0 is a non-trivial subgroup. In view of the sim- 
plicity of Diffo(iV) mentioned in (5.1) this concludes the proof. 

It remains to find a non-trivial diffcomorphism in T)i&o(N) E=0 . The idea 
is to use compression waves. The basic case is this: take any non-decreasing 
smooth function / : R — > R such that f(x) = if x <C and f{x) = 1 if 
x > 0. Define 

<p(t, x) = x + f(t — Xx) 
where A < 1/ max(/'). Note that 

<p x {t,x) = 1 - Xf'(t-Xx) > 0, 

hence each map <p(t, ) is a diffcomorphism of R and we have a path in the 
group of diffeomorphisms of R. These maps are not the identity outside a 
compact set however. In fact, ip(x) = x + 1 if x <C and <p(x) — x if x 3> 0. 
As t — > — oo, the map ) approaches the identity uniformly on compact 

subsets, while as t — > +oo, the map approaches translation by 1. This path is 
a moving compression wave which pushes all points forward by a distance 1 
as it passes. We calculate its energy between two times to and t\\ 

K(v) = I* I <Pt(tMt, y 1 {x)) 2 dxdt^ f 1 f <pt(t,y) 2 <p v (t,y)dydt 

Jt JR Jto JK 



ti 



to 



f'( Z f.(l-Xf'(z))^dt 
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< . {tl t ) ■ f (1 - Xf'(z))dz 

Jsupp(f') 

If we let A = 1 — £ and consider the specific / given by the convolution 

f(z) = max(0, min(l, z)) * G £ (z), 

where G £ is a smoothing kernel supported on [—£,+£], then the integral is 
bounded by 3e, hence 

<(ti-to)^. 

We next need to adapt this path so that it has compact support. To do 
this we have to start and stop the compression wave, which we do by giving 
it variable length. Let: 

f £ (z, a) = max(0, min(a, z)) * (G £ (z)G £ (a)). 

The starting wave can be defined by: 

tp e (t, x) = x + f s (t — Xx, g(x)), A < f , g increasing. 

Note that the path of an individual particle x hits the wave at t = Xx — s and 
leaves it at t = Xx + g(x) + e, having moved forward to x + g{x). Calculate 
the derivatives: 

(fs)z = Io<z<a*(G e (z)G e (a))e [0,1] 

(fe)a = h<a<z * (G £ (z)G £ (a)) G [0, 1] 
(<Pe)t = (fe)z(t-Xx,g(x)) 

(<p e ) x = 1 - X(f e )z(t - Xx,g{x)) + {f £ ) a (t - Xx,g{x)) ■ g'{x) > 0. 
This gives us: 

<M= I' I (<Pe%(<Pe)xdxdt 
Jt 

< I' I (f £ ) 2 z (t-Xx,g(x))-(l-X(f e ) z (t-Xx,g(x)))dxdt 
J t Jk 

+ [ [ (fe)l(t - Xx,g(x)) ■ (f £ ) a (t - Xx,g(x))g , (x)dxdt 

J to Jl 

The first integral can be bounded as in the original discussion. The second 
integral is also small because the support of the z-derivative is — e < t — Xx < 
g(x) + e, while the support of the a-derivative is — e < g(x) < t — Xx + e, so 
together \g(x) — (t — Xx)\ < e. Now define x\ and x 2 by g(x\) + Xxi = t + e 
and g{xo) + Xx = t — e. Then the inner integral is bounded by 

/ g'{x)dx = g(xi) - g(x ) < 2e, 

J \g(x)+Xx-t\<s 
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and the whole second term is bounded by 2e(t\ — to)- Thus the length is 0(e). 

The end of the wave can be handled by playing the beginning backwards. 
If the distance that a point x moves when the wave passes it is to be g(x), so 
that the final diffeomorphism is x ^ x + g(x), then let b = max(g) and use 
the above definition of if while g' > 0. The modification when g' < (but 
g' > —1 in order for x ^ x + g(x) to have positive derivative) is given by: 

ip e (t,x) = x + f e (t - \x - (1 - A) (6 - g(x)),g(xj). 

Consider the figure showing the trajectories <p e (t,x) for sample values of x. 

Particle trajectories under f \ = 0.6 

3.5 1 1 1 1 1 1 1 1 




-0.5 0.5 1 1.5 2 2.5 3 

Time t 



It remains to show that Diff (N) E=0 is a nontrivial subgroup for an arbi- 
trary Riemannian manifold. We choose a piece of a unit speed geodesic con- 
taining no conjugate points in N and Fermi coordinates along this geodesic; 
so we can assume that we are in an open set in M m which is a tube around 
a piece of the u 1 -axis. Now we use a small bump function in the slice or- 
thogonal to the u 1 -axis and multiply it with the construction from above for 
the coordinate u 1 . Then it follows that we get a nontrivial diffeomorphism in 
Diff (7V) B=0 again. □ 

Remark 

Theorem (5.2) can be proved directly without the help of the simplicity of 
Diffo(iV). For N — R one can use the method of (5.2.7) in the parameter 
space of a curve, and for general N one can use a Morse function on N to 
produce a special coordinate for applying the same method. 
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5.3. Geodesies and sectional curvature for 7 on Diff(iV) 

According to (3.2), (3.4), or (4.4), for a right invariant weak Riemannian 
metric G on an (possibly infinite dimensional) Lie group the geodesic equation 
and the curvature are given in terms of the transposed operator (with respect 
to G, if it exists) of the Lie bracket by the following formulas: 

ut — — ad(u)*w, u = ipt o tp^ 1 
G(ad(X)*Y,Z) := G(Y,ad(X)Z) 
4G(R(X, Y)X, Y) = 3G(ad(X)Y, ad(X)Y) - 2G(ad(Y)*X, ad(X)Y) 

- 2G(ad(X)*Y, ad(Y)X) + 4G(ad(X)*X, ad(Y)*Y) 

- G(ad(X)*Y + ad(Y)*X, ad(X)*Y + ad(Y)*X) 

In our case, for Diff (-/V), we have ad(X)Y = —[X, Y] (the bracket on the Lie 
algebra X C (N) of vector fields with compact support is the negative of the 
usual one), and: 

J°(X,Y)= f g(X,Y)vo\(g) 

7 (ad(F)*X,Z)=7°(X,-[y,Z])= f g(X,-£ Y Z)vo\(g) 

= J g(c Y X + (g- 1 C Y g)X + div 9 (Y)X, z)vol( fl ) 

ad(F)* = C Y + g-'Cyig) + div 9 {Y) Id T N = £ Y + /3(F), 

where the tensor field (3(Y) = g^Cyig) + div 9 (Y~)Id : TN -» TN is self 
adjoint with respect to g. Thus the geodesic equation is 

u t = -(fir -1 £ u {g))(u) - div 9 (u)u = -(3(u)u, u = ipt ( P^ 1 ■ 

The main part of the sectional curvature is given by: 

4G(R(X,Y)X,Y) = 

= f (mX,Y]\\ 2 g + 2g((£ Y + p(Y))X,[X,Y}) + 2g((£ x +(3(X))Y,[Y,X}) 
Jn v 

+ lg{fl{X)X, (3(Y)Y) - \\(3{X)Y + 0(Y)X\\$) vol(g) 

= {-\\P(X)Y P(Y)X + [X, Y]\\l- AgmX), 0(Y)]X, Y)) vol(g) 

So sectional curvature consists of a part which is visibly non-negative, and 
another part which is difficult to decompose further. 

5.4 Example: n-dimensional analog of Burgers' equation 

For (N,g) = (R",can) or ((S 1 )", can) we have: 
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( a d(X)Y) k = Y,((^X k )Y l - X i (d i Y k )) 



i 



{ & A(xyz) k = Y,{^ xl ) zl + (d t x l )z k + x l (d l z k )) 



so that the geodesic equation is given by 



d t u k = -(ad(w) T u) fe = -^((6WK + {d t u l )u k + u\d t u k )) 



the n-dimensional analog of Burgers' equation. 
5.5. Stronger metrics on Diff (-ZV) 

A very small strengthening of the weak Riemannian _ff°-metric on Diffo(iV) 
makes it into a true metric. We define the stronger right invariant semi- 
Ricmannian metric by the formula: 



Then the following holds: 
Theorem. 

For any distinct diffeomorphisms tpo,tfii, the infimum of the lengths of all 
paths from <fio to ip\ with respect to G A is positive. 

Proof. We may suppose that ipo — Idjv- If <fii ^ Idjv, there are two functions 
p and f on N with compact support such that: 



Now consider any path tp(t, y) between <p — Id^v to tpi with left logarithmic 
derivative u = T(if )^ 1 o tp t and a path in X C (N). Then we have: 



div((/ o <p)pu) vol(g) = C (fov)pu vol(y) = {i {fov)pu d + di (fov)pu ) vol(g) 






Locally, on orientable pieces of N, we have: 



= d((f o ip)i pu vol(ff)) = d(f o(p)A i pu vol(.g) + pdiv(w) vol(g) 
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= d(f o <p)(pu) vol (5) + (/ o ip) div(pu) vol(<7), since 
d(f o <p) A i pu vol(g) = -i pu (d(f o <p) A vol(g)) + (i pu d(/ o <p)) vol(g)). 

Thus on N we have: 

= / div((/ o ip)pu) vol(fif) 

= / <^)(p u ) v °l(ff) + / (f°f) div(pu) vol(g) 
Jn Jn 



and hence 


< 


L 












s: 



\ p(f°<Pi)vo\(g)- pfvo\(g) = 
Jn Jn Jo 

-(/ o (p) div(pu) vo\(g)dt 



d{f o tp){(pu))yo\(g)dt 

N 



< sup |/| • jT 1 Jj N C p \\u\\ 2 + C' p \ div(«)| 2 vol(g) eft 



for constants C p , C p depending only on p. Clearly the right hand side gives a 
lower bound for the length of any path from ip to ip\. □ 

5.6. Geodesies and sectional curvature for G A on Diff(M) 

We consider the groups Diff c (K) or Diff (S 1 ) with Lie algebras 3E C (R) or X(S 1 ) 
whose Lie brackets are ad(X)Y = -[X,Y] = X'Y - XY'. The G A -metric 
equals the _ff 1 -metric on X C (R), and we have: 

G A (X,Y)= [ (XY + AX'Y')dx = [ X(l - Ad 2 x )Y dx, 
Jr Jr 

G A (ad(X)*Y, Z) = [ (YX'Z - YXZ' + AY'(X'Z - XZ')')dx 
Jr 

= f Z(l-dl)(l-d 2 x )- 1 {2YX' + Y'X -2AY"X' - AY"'X)dx, 
Jr 

ad(X)*Y = (1 - dly 1 (2YX' + Y'X - 2AY" X' - AY'" X) 
ad(X)* = (i - d 2 x )-\2X' + Xd x )(l - AdD 

so that the geodesic equation in Eulerian representation u = (d t f) o / _1 e 
X C (M) or XiS 1 ) is 

d t u = - ad(w)*w = -(1 - ^) _1 (3uu' - 2Au"u' - Au"'u), or 
tit iitxx — Au xxx .u -\- 2Au xx .u x 3tia;.ti, 

which for A = 1 is the dispcrsionlcss version of the Camassa-Holm equation, 
see (7.3.4). Note that here geodesic distance is a well defined metric describing 
the topology. 
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6. The regular Lie group of rapidly decreasing 
diffeomorphisms 

6.1. Lemma. 

For smooth functions of one variable we have: 

m>0 " a£N™ i=l *' 
aiH ha m =p 

= e / w («w) e £n(^' A " 

A=(A„)e<>° ' n>0 

E„ A„=m 
E„ A„n=P 

Let f G C°°(M fe ) and Zei 5 = ...,g k )& C°°{R n ,R k ). Then for a multiin- 
dex 7 G N" f/ie partial derivative d 1 {f o g){x) of the composition is given by 
the following formula, where we use multiindex-notation heavily. 

d^(fog)(x) = 

= y: (d f)( 9 (x)) e 5r n (^) 1 n (^(^ 

/3eN fc A=(A ■)eN fcx(N "\° ) aeN" ^ ' i,a>0 

e n Q E « A -/) few) n m*)) Xia 

Q>0 



E iQ A iQ Q=7 



The one dimensional version is due to Faa di Bruno [19], the only beatified 
mathematician. 

Proof. We compose the Taylor expansions of 
f(9(x) + h): J g %)/W=E /(m y ) fem . 

m>0 

(«) 



n>l 

m>0 \n>l 

= E^ E (n^)< 

m>0 Qi,...,a ra >0 \i=l 



aiH ha„ 
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Or we use the multinomial expansion 

j=l Ai,...,A,€N> 1 9 
AiH hA q =m 

to get 

m >° " A=(An)ef<>° ' V l>0 V 7 / 

£ n A„=m 

where A! = Ai! A2! . . . ; most of the Aj are 0. The multidimensional formula 
just uses more indices. □ 

6.2 

The space <S(R) of all rapidly decreasing smooth functions / for which x 1— » 
(1 + \x\ 2 ) k d™f(x) is bounded for all k e N and all n e N> , with the locally 
convex topology described by these conditions, is a nuclear Frechet space. The 
dual space <S'(R) is the space of tempered distributions. 

S (R) is a commutative algebra under pointwise multiplication and convo- 
lution (u * v)(x) = J u(x — y)v(y)dy. The Fourier transform 

F(u)(0 = fl(0 = J e-^u(x)dx, F-\a){x) = ±- J e^a(£K, 

is an isomorphism of S(R) and also of L 2 (M.) and has the following further 
properties: 

d x u(£) = -i£ ■ u(£), x^~u(t) = -id£u(£), 
u(iT^a)(0 = e iofi «(0, e*°*u(a;)(0 = e w «u(£), 

= u * 0, = u ■ V. 

In particular, for any polynomial P with constant coefficients we have 

j=-(p(-*a x )«)(0 = P(Ofi(0- 

<S(R) satisfies the uniform V-boundedness principle for every point separating 
set V of bounded linear functional by [31], 5.24, since it is a Frechet space; 
in particular for the set of all point evaluations {ev^ : 5(R) — > R, x £ R}. 
Thus a linear mapping £ : £7 — > 5(R) is bounded (smooth) if and only if ev x 0/ 
is bounded for each x € R. 

6.3. Lemma. 

The space C°°(R, <S(R)) 0/ smooth curves in 6>(R) consists of all functions 
f G C°°(R 2 ,M) satisfying the following property: 
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• For all n,m <G N> and each t & R the expression (1 + |x| 2 ) fc <9"<9™/(t, x) 
is uniformly bounded in x, locally in t. 

Proof. Wc use (A. 3) for the set {ev^ : x € M} of point evaluations in 5'(M). 
Note that S(R) is reflexive. Here c k (t) = dj?f(t, ). □ 

6.4. Diffeomorphisms which decrease rapidly to the identity 

Any orientation preserving diffcomorphism M — > R can be written as Id+/ 
for / a smooth function with f'(x) > —1 for all x e R. Let us denote by 
Diff 5 (R) the space of all diffeomorphisms Id+/ : R -> R (so /'(a;) > -1 for 
all xel) for / e 5(M). 

Theorem. 

Diffs(R)o is a regular Lie group. 

Proof. Let us first check that Diff l s(R) is closed under multiplication. We 
have 

((Id +/) o (Id +g))(x) = x + g(x) + f(x + g(x)), (1) 

and x i— > f(x + g{x)) is in S(R) by the Faa di Bruno formula (6.1) and the 
following estimate: 

/ W(« + ^))- ( rn -j- aj? )- ( Iri ^ I ) (2) 

which holds since g(x) — > for \x\ — > oo and thus 

1 — , .- is globally bounded. 

1 + \x + g(x)\ 2 6 J 

Let us check next that multiplication is smooth. Suppose that the curves 
t i ^ Id+/(i, ),Id+5(i, ) arc in C°°(R, Diff 5 (R) ) which means that the 
functions f,g G C oc (R 2 ,R) satisfy the conditions of lemma (6.2). Then 

(l + \x\ 2 ) k dl l d:\f(t,x + g(t,x)) 

is bounded in x € R, locally in t, by the 2-dimensional Faa di Bruno formula 
(6.1) and the more elaborate version of estimate (2) 

< a """" / >"- 1 + ^» - + FTCT* ) - °((TTW) (3) 

which follows from (6.3) for / and 5. Thus the multiplication respects smooth 
curves and is smooth. 

To check that the inverse (Id+g)^ 1 is again an element in Diffs(R)o for 
g e 5(R), wc write (Id+g)" 1 = Id+/ and we have to check that / e 5(R). 

(Id +/) o (Id +g) = Id x + 3 (x) + /(a: + , 9 (x)) = x 
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=== 7 > x i ► f(x + g(x)) = -g(x) is in 5(E). (4) 

Now consider 

d x (f(x + g(x))) = f'(x + g(x))(l + g'(x)) 

dl(f(x + g(x))) = f"(x + g(x))(l + g'{x)) 2 + f'(x + g{x))g"(x) 

d x (f(x + g(x))) = f^(x + g(x))(l + g'(x)f + (5) 

+ 3f"(x + g{x))(l + g'(x))g"(x) + f'(x + g{x))g^ (x) 
d™(f(x + g(x))) = f^(x + g(x))(l+g'(x)r + 

m—1 



J2f {m - k) (x + g(x))a mk (x), 



k=l 



where a n u G 5(M) for n > k > 1. We have 1 + g'{x) > e > thus 1+g 1 / ^ a ,- ) 
is bounded and its derivative is in Hence we can conclude that (1 + 

\x\ 2 ) k f^(x+g{x)) is bounded for each k. Since (l + \x+g(x)\ 2 ) k = 0(l + \x\ 2 ) 
we conclude that (1 + \x + g{x)\ 2 ) k f^ n \x + g(x)) is bounded for all k and n. 
Inserting y = x + g(x) it follows that / G <S(M). Thus inversion maps Diff5(M) 
into itself. 

Let us check that inversion is also smooth. So we assume that g(t, x) is a 
smooth curve in S(R), satisfies (6.3), and we have to check that then / does 
the same. Retracing our considerations we see from (4) that f(t,x + g(t, x)) = 
—g(t, x) satisfies (6.3) as a function of t, x, and we claim that / then does the 
same. Applying 9™ to the equations in (5) we get 

d?d™(f(t,x + g(t,x))) = (d^f)(t,x + g(t,x))(l + d x g(t,x)) m + 

+ (d^ k ^m,x + g(t,x))a kuk2 (t,x), 

hi <n 
k 2 <m+n 

where (*> x ) ~ 0{ pqq-pp ) uniformly in x and locally in t. Again 1 + 

d x g(t, x) > e > 0, locally in t and uniformly in x, thus the function 1+ q ~p x ) is 
bounded with any derivative in S(M) with respect to x. Thus we can conclude 
/ satisfies (6.3). So the inversion is smooth and Diffg(R) is a Lie group. 

We claim that Diff,s(lR) is also a regular Lie group. So let 1 1— > X(t, ) be 
a smooth curve in the Lie algebra S(R)d x ,i.e., X satisfies (6.3). The evolution 
of this time dependent vector field is the function given by the ODE 

Evo\(X)(t,x) =x + f(t,x), 

id t (x + f(t, x)) = f t (t, x) - X(t, x + f(t, x)), 

\.f(0,x) = 0. U 

We have to show that / satisfies (6.3). For < t < C we consider 
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\f(t,x)\< f \f t (s,x)\ds= f \X(s,x + f(s,x))\ds. (7) 
Jo Jo 

Since X(t,x) is uniformly bounded in x, locally in t, the same is true for 
f(t, x) by (7). But then we may insert X(s, x +f(s,x)) = 0( ^ + \ x+ f M \ 2) k ) = 
0( (1+ l^)fc ) into (7) and can conclude that f(t,x) = 0( {1+ ^, i)k ) globally in 
x, locally in t, for each k. For dl l d" l f(t,x) we differentiate equation (6) and 
arrive at a system of ODE's with functions in <S(R) which we can estimate in 
the same way. □ 



6.5. Sobolev spaces and i/C^-spaces 

The differential operator 

k k 

A k = P k (-id x ) = P(0 = 

i=0 i=0 

will play an important role later on. We consider the Sobolev spaces, namely 
the Hilbert spaces 

H n (R) = {f G S'(R) : /, /', / (2) , . . . e L 2 (R)}. 

In terms of the Fourier transform / we have, by the properties listed in (6.2): 

feir (i + |£|)"/(£)eL 2 (i + |CI 2 )" /2 /(0) e i 2 
(i + l£l) n-2fc iM0/(0 e L 2 ^ e tf"- 2fe . 

We shall use the norm 

on if n (K). Moreover, for < a < 1 we consider the Banach space 

C h - Q (K) = {/eC°(K):sup|/(.T)|+ sup ~ < co} 

xei x#j£R F-J/r 

of bounded Holder continuous functions on R, and the Banach spaces 
C 6 "' a (R) = {/ G C"(R) : /, ■ • • , bounded, and /W G C 6 °' Q 

Finally we shall consider the space 

HC n (R) = H n (R) n C?(R), H/llffcc - + ll/llc? ■ 

6.6. Lemma. 

Consider the differential operator A k = ^2 i=0 {—^) l d^. 1 . 
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(1) A k : S(R) — > S(R) is a linear isomorphism of the Frechet space of rapidly 
decreasing smooth functions. 

(2) Aj. : H n+2k (S 1 ) — > H n (S 1 ) is a linear isomorphism of Hilbert spaces for 
each neZ,, where ^"(S* 1 ) = {/ e L 2 ^ 1 ) : A n (/) e L 2 ^ 1 )}. tfote tfcai 
^"(S* 1 ) C C^S* 1 ) i/n > fc + 1/2 fSo&o/ev inequality). 

(3) A k : C^iS 1 ) -» C°°(6' 1 ) is a linear isomorphism. 

f^j Afe : iJC" +2fe (R) — > i7C™(R) is a Zmear isomorphism of Banach spaces 
for each n > 0. 

Proof. Without loss we may consider complex-valued functions. 

(1) Let : C oc (S 1 ) — > s(Z) be the Fourier transform which is an iso- 
morphism on the space of rapidly decreasing sequences. Since T{f xx ){n) = 
-(27rn) 2 J"(/)(n) wehave^oAfeoje- 1 : (c„) ^ ((l + {27rn) 2 + ■ ■ ■ + {2irn) 2k ) c n ) 
which is a linear bibounded isomorphism. 

(2) This is obvious from the definition. 

(3) can be proved similarly to (1), using that the Fourier series expansion 
is an isomorphism between C°°(S 1 ) and the space / of rapidly decreasing 
sequences. 

(4) follows from (2). □ 

6.7. Sobolev inequality. 

We have bounded linear embeddings (0 < a < 1): 

H n (R)cC£(R) ifn>k+\, 
H n (R) C C^ a (R) ifn>k + \+a. 



Proof. Since d k : H n (R) — > H n k (R) is bounded we may assume that k = 0. 
So let n > A. Then we use the Cauchy- Schwartz inequality: 



27r|w(a;) 



where 



< 



J e^u(0 

J \m\ 2 (. 



< u 



+ 



i 



(i + Ki) n 



\2n 



c = 



d£) < oo 



(1 + iei) 2 " 

depends only on n > 5 . For the second assertion we use x > y and 

e ia * - e ivi = {x-y) [ i&^+^-^dt, 
Jo 

\ e ™S_ e iyS\ < \ x -y\.\£\ 



to obtain 
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<2(| |»(f)| 2 (l + lfl) 2 "<if) ' (/ (yI^T ^)' =C,|M|h. 

where Ci depends only on n — a > i . □ 

6.8. Banach algebra property. 

J/ n > 5 i/ien pointwise multiplication 5(R) x S(R) — > <S(R) extends to a 
bounded bilinear mapping H n (R) x F"(R) -> H n (R). 

Forn>0 multiplication HC n (R) x HC n (R) -» i?C n (R) is bounded bilin- 
ear. 

See [17] for the most general version of this on open Riemannian manifolds 
with bounded geometry. 

Proof. For /, g e F"(R) we have to show that for < k < n we have 

(/■ff) (fc) = E(J)/ (,) -ff (fc_0 Gi2 w 

with norm bounded by a constant times ||/||jrn.||<7||zrn. If Z < n then e 
C°(R) by the Sobolev inequality and e H l C L 2 so the product is in 

L 2 with the required bound on the norm. If I = we exchange / and g. 

In the case of HC n , the i 2 -norm of each product in the sum is bounded 
by the sup-norm of the first factor times the L 2 -norm of the second one. And 
the sup-norm is clearly submultiplicative. □ 

6.9. Differentiability of composition. 

If n > then composition <S(R) x <S(R) — > 6>(R) extends to a weakly C k - 
mapping HC n+k (R) x (Id R + J ffC n (R)) -» iJC"(R). 

A mapping / : F — > F is weakly C 1 for Banach spaces £7, F if d/ : Fx E — > 
F exists and is continuous. We call it strongly C 1 if df : F — > L(F, F) is 
continuous for the operator norm on the image space. Similarly for C k . Since 
I could not find a convincing proof of this result for the spaces H n under the 
assumtion n > \, I decided to use the spaces FC"(R). This also inproves on 
the degree n which we need. 

Proof. We consider the Taylor expansion 

k 

f( x + g ( x )) = J2-J {p) (x).g(xy+ 
' — ' r>\ 
p=0 1 

+ f Q {1 ~f iy \ fW(x + tg(x)) fW(x)) dt.g{x) k 



2tt 



u(x) - u(y) 
(x - y) a 



< 



I 



x-y 
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For fixed / this is weakly C k in g by invoking the Banach algebra property 
and by estimating the integral in the remainder term. We have to show that 
the integrand is continuous at (f^ k \g — 0) as a mapping H n x H n — ► H n . 
The integral from to 1 does not disturb this so we disregard it. By (6.1) we 
have 

d%(fW(x + g(x))-fW(x)) = 

f (k +m){x + g{x)) d^(x + g(x)) d^(x + g(x)) 



ml t-* 1 ot\\ a r , 



m— ai,...,a m >0 
a 1 +---+a m =p 

The most dangerous term is the one for p = n. As soon as a derivative of g of 
order > 2 is present, this is easily estimated. The most difficult term is 

/<*+">(* + g{x)) - f (k+n \x) 

which should go to in L 2 n C° for fixed / and for g — ► in HC n . is 
continuous and in L 2 . Off some big compact intervall it has small iJ"-norm 
and small sup- norm (the latter by the lemma of Riemann-Lebesque) . On this 
compact intervall is uniformly continuous and if we choose |jg||c™ small 
enough, f^(x + tg{x)) — f^(x) is uniformly small there, thus small in the 
sup-norm, and also small in L? (which involves the length of the compact 
intervall - but we can still choose g smaller) . □ 

The last result cannot be improved to strongly C k since we have: 
6.10. Attention. 

Composition HC n (M) x (Id R +HC n (R)) -» HC n (R) is only continuous and 
not Lipschitz in the first variable. 

Proof. To see this, consider (/, t) i— > /( —t.g) for a given bump function 
g which equals 1 on a large intervall. For each t > we consider a bump 
function / with support in (—|,|) with ||/||l2 = 1. Then we have ||/ — 
/( -*)!U 2 = V2 by Pythagoras, and consequently ||/ - /( -t.g)\\ H c<* > 

||/-/( -t)\\ L * = y/2. □ 



6.11. The topological group Diff(R) 

For n > 1 we consider / : R — > M of the form f(x) = x + g(x) for g e HC n . 
Then / is a C"-diffeomorphism iff g'(x) > — 1 for all x. The inverse is also of 
the form = V + Hv) for h G HC n (R) iff g'{x) > -1 + e for a constant 

e. Indeed, h(y) = -5(/ _1 (y)). Let us call DiffHC"(M) the group of all these 
diffcomorphsms . 

Lemma. 

Inversion DiffHC" +fe (M) -» DiffflC"(M) is weafcZy C fc . 
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Proof. As we saw above, DiffHC" +fc (K) is stable under inversion. (/, g) ^ fog 
is a weak C k submersion by (6.9). So we can use the implicit function theorem 
for the equation / o / _1 = Id. □ 

6.12 Proposition. 

For n > 1 and a G HC n (R), the mapping HC n (R) x DiffHC"(K) -» 
HC n ~ 1 (R) given by (f,g) i— > (ad x (f °g~ 1 ))°g is continuous and Lipschitz in 
/• 

For n > k + j and for each linear differential operator D of order k, 
the mapping HC n (R) x DiffHC"(K) J ffC™- fe (M) given by (f,g) ^ (£>(/ o 
5 1 )) ° .9 * s continuous and Lipschitz in f . 

Here Diff(K) = {Id R +h : \\ti\\ c ° > -1}. 
Proof. We have 

(ad x (f o g- 1 )) o g = (a.^o f 1 ) 3-—) o g = ( a og).f x .— 

v 9x° 9 ' 9x 

which is Lipschitz by the results above. □ 

6.13 Proposition. 

For the operator Ak = X^i=o(~ 1)^? an d f or n ^ £/ie mapping 

(f,g) ^ (A^ifog-^og is Lipschitz HC n (R) xDiffHC"(R) -> i? C"+ 2fe (M) . 

Proof. The inverse of Ak is given by the pseudo differential operator 

(A k - 1 f)(x)= ^/ (x - m f{y) 1 + e l +en d£dy 
Thus the mapping is given by 

(A^(fog-'))(g( x )) = j^/ (9(x) - y) tf{g-\y)) 1 + e l +en d£d y 

= f e i (g( x)- g{ z))t f{z) 9'{z) ^ dz 

which is a genuine Fourier integral operator. By the foregoing results this is 
visibly locally Lipschitz. □ 



7. The diffeomorphism group of S 1 or R, and Burgers' 
hierarchy 

7.1. Burgers' equation and its curvature 

We consider the Lie groups Diff,s(R) and Diff(S' 1 ) with Lie algebras 3E,s(R) 
and X(S 1 ) where the Lie bracket [X, Y] = X'Y — XY' is the negative of 
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the usual one. For the L 2 -inncr product ~f(X, Y) = (X, Y) = J X(x)Y(x) dx 
integration by parts gives 

([X,Y],Z)o= ( (X'YZ - XY'Z)dx 
Jr 

= [ (2X'YZ + XYZ')dx= (Y,&d(X) T Z), 
Jr 

which in turn gives rise to 

ad{X) T Z = 2X'Z + XZ', (1) 

a(X)Z = &d(Z) T X = 2Z'X + ZX', (2) 

(ad(X) T + &d(X))Z = ZX'Z, (3) 

(ad(X) T - &d(X))Z = X'Z + 2XZ' = a(X)Z. (4) 

Equation (4) states that —^a(X) is the skew-symmetrization of &d(X) with 
respect to the inner product ( , ) . From the theory of symmetric spaces 
one then expects that —\<x is a Lie algebra homomorphism and indeed one 
can check that 

-\a{[X,Y])=[-\a{X),-\a{Y)} 

holds for any vector fields X, Y. From (4) we get the geodesic equation, whose 
second part is Burgers' equation [10]: 

| 9t(t,x) =u(t,g(t,x)) ^ 
j u t = — &d(u) T u = —3u x ii 

Using the above relations and the general curvature formula (3.4.2), we get 

n{X, Y)Z = -X"YZ + XY"Z - 2X'YZ' + 2XY'Z' 

= -2[X, Y]Z' - [X, Y]'Z = -a([X, Y])Z. (6) 

Sectional curvature is non-negative and unbounded: 

-G° a (R(X,Y)X,Y) = (a([X,Y])(X),Y) = (ad(X) T ([X, Y\), Y) 
= {[X,Y],[X,Y]) = \\[X,Y]\\\ 
G° a (R(X,Y)X,Y) 



k{XAY) = — 



xp||y||2_ G o(x,y)2 
ll[^^]!l 2 



> 0. (7) 



\\X\\*\\Y\\*-{X,Y)* 
Let us check invariance of the momentum mapping J from (4.3): 

7 (J(<7, X), Y) = 7 (Ad( 5 ) T X, Y) = j(X, Ad(g)Y) = J X((g'Y) o g- l )dx 
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= J X(g>og- 1 )(Yog- 1 )dx = sign(g / ) J (X o g){g') 2 Ydx 

= sign(g / ) 1 ((g / ) 2 (Xo g ),Y) 
J(g,X) = sign{g x ).{g x ) 2 (Xog). (8) 

Along a geodesic 1 1— » g(t, ), according to (5) and (4.3), the momentum 

3{g, u = g t o g^ 1 ) = glg t is constant. (9) 

This is what we found in (1.3) by chance. 

7.2. Jacobi fields for Burgers' equation 

A Jacobi field y along a geodesic g with velocity field u is a solution of the 
partial differential equation (3.5.1), which in our case becomes: 

Vtt = [ad(y) T + ad(y), ad(u) T ]w - ad(u) T y t - a(u)y t + a,d(u)y t (1) 

= -3u 2 y xx - iuytx - 2u x y t 
u t = — Zu x u. 

If the geodesic equation has smooth solutions locally in time it is to be ex- 
pected that the space of all Jacobi fields exists and is isomorphic to the space 
of all initial data (y(0),y t (0)) e C 00 ^ 1 ,!^ 2 or C C °°(R,M) 2 , respectively. The 
weak symplectic structure on it is given by (3.7): 

u(y, z) = (y, z t - \u x z + 2uz x ) - (y t - \u x y + 2uy x , z) 

= / (yz t - ytz + 2u(yz x - y x z)) dx. (2) 

JS 1 or R 

7.3. The Sobolev i? fe -metric on Diff (S 1 ) and Diff(M) 

On the Lie algebras X C (M) and X(S r ) with Lie bracket [X,Y] = X'Y - XY' 
we consider the i/ fe -inner product 

k 

7 (A, Y) = (A, Y) k = J2 [ (d x X)(8 x Y) dx = f A k (X)(Y) dx 

i=0 J J 

= I XA k (Y)dx, where A k = ^(-1)'^ (1) 
J i=0 

is a linear isomorphism X C (R) — » X C (M) or X(S' 1 ) — ► X(S 1 ) whose inverse 
is a pseudo differential operator. A k is also a bounded linear isomorphism 
between the Sobolev spaces H l+2k {S r ) — » H^S 1 ), see lemma (6.5). On the 
real line we have to consider functions with fixed support in some compact 
set [-K, K] C M. 
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Integration by parts gives 

([X,Y],Z) k = [ (X'Y - XY')A k (Z)dx = [ (2X'YA k (Z) + XYA k (Z'))dx 

JR JR 

= f YA k A- 1 (2X'A k (Z) + XA k (Z'))dx = (Y,a,d(X) T > k , Z) k , 
Jr 

which in turn gives rise to 

&d(X) T > k Z = Al 1 (2X'A k (Z) + XA k (Z')), 

a k (X)Z = ad(Z) T < fe (X) = A- 1 {2Z'A k (X) + ZA k {X')) (2) 

Thus the geodesic equation is 

g t (t,x) = u(t,g(t,x)) 

u t = - &d(u) T > k u = -A' k 1 (2u x A k (u) + uA k {u x )) 

k k (3) 

= -A- i (2u x j2(-iyd 2 x *u+uY / (-iyd 2 x * +1 u). 

i=0 i=0 

For k = the second part is Burgers' equation, and for k = 1 it becomes 

ut - utxx = —3uu x + 2u x u xx + uu xxx (4) 
<=>u t + uu x + (1 - dl)- 1 ^ 2 + \u x ) x = 

which is the dispersionfree version of the Camassa-Holm equation, see [11], 
[44], [29]. We met it already in (5.6), and will meet the full equation in (8.7). 
Let us check the invariant momentum mapping from (4.3.2): 

y{J{g,X),Y) = (Ad(g) T X,Y) k = {X,Ad(g)Y) k 

= j A k {X){ 9 ' og-^Y og- 1 )dx = sign{g') j ' (A k (X) o g)(g') 2 Ydx 

= sign(gi)(A- 1 (( g r(A k (X)og)),Y) k 
J{g,X)=s\gn{g x ).A- k 1 ({g x ) 2 (A k {X)o g )). (5) 

Along a geodesic 1 1— > g(t, ), by (3) and (4.3), the expressions 

sign(# x ) J{g,u = gtog^ 1 ) = A^ 1 [(g x ) 2 {A k {u) o g )j (6) 

and thus also (g x ) 2 (A k (u) o g) are constant in t. 
7.4. Theorem. 

Let k > 1 . There exists a HC 2k+1 -open neighborhood V of (Id, 0) in Diff (S" 1 ) x 
X(5' 1 ) such that for each (go,uo) G V there exists a unique C 3 geodesic g G 
C 3 ((— 2, 2), Diff(S' 1 )) for the right invariant H k Riemann metric, starting at 
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g(0) = g in the direction g t (0) = uoog g T go Diff(S' 1 ). Moreover, the solution 
depends C 1 on the initial data (<7o; M o) € V. 

The same result holds if we replace Diff(5 1 ) by Diff^jj) and X(S 1 ) by 
X 5 (R) = S(R)d x . 

This result is stated in [13], and also this proof follows essentially [13]. But 
there is a mistake in [13], p 795, where the authors assume that composition 
and inversion on H n (S 1 ) are smooth. This is wrong. One needs to use (6.12) 
and (6.13). The mistake was corrected in [12], for the more general case of the 
Virasoro group. 

In the following proof, Diff, X, DiffHC™, HC n should stand for either 
Diff(5 1 ), X(5 X ), DiffHC" (S* 1 ), iJC^S* 1 ) or for Diff s (R), X S (R), DiffHC" (R), 
HC n (R), respectively. 

Proof. For u e HC n , n > 2k + 1, we have 

A k {uu x ) = £(-l)^(tm x ) = t(-!) l EC l )(9»(r J+1 «) 

i=0 i=0 j=0 

k 2i 

= uA k ( Ux ) +j2(-iyYl OidiuM^+'u) 

i=0 j'=l 

=: uA k {u x ) + B k {u), 

where B k : HC n — ► HC n ~ 2k is a bounded quadratic operator. Recall that we 
have to solve 

u t = -&d{u) T ' k u = -A^ 1 (2u x A k (u) + uA k (u x )) 
= -Al x (2u x A k {u) + A k (uu x ) - B k (u)) 
= -uu x - A^ 1 (2u x A k (u) - B k {u)) 
= : -uu x + A^ 1 C k (u), 

where C k : HC n — > HC n ~ 2k is a bounded quadratic operator, and where 
u — gt ° g 1 G X. Note that 

C fc (u) = -2u x A k (u) + B k (u) 

= -2u x A k (u) + («)(^ u )(^W+i u) . 
»=o j=i 

We put 

ff t =: i> = mo 3 

i> t = u t ° g + (ux ° g)gt = u t ° g + {uu x ) og = A^C^u) o g (1) 

= A~ k 1 C k (v o g' 1 ) og=: pr 2 (£> fe o E k )(g, v), where 
E k (g,v) = (g,C k (vog- 1 )og), D k (g,v) = (g, A^(v o o g). 
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Now consider the topological group and Banach manifold DiffHC™ described 
in (6.11). 

(2) Claim. The mapping D k : DiffHC™ xHC n - 2k -» DiffHC" xHC n is 
strongly C 1 . 

First we check that all directional derivatives exist and are in the right 
spaces. 

For w e HC n we have 

d s \o(uo (g + sw)) = (u x og)w 

o s \o{g + sw) = - 

9x o g- 1 

a s | pr 2 D k (g + sw,v) = 

= d s \oA^\v o g- 1 ) o(g + sw) + ds^A^iv o(g + sw)- 1 )) o g 
= {{d x A- k \v o .g- 1 )) og)w- {A- k \{v x o .g- 1 )^)) o g 
= { A k 1 ( vo a^ 1 )x-{wog- 1 ))og - (A^((v o g-%(w o g' 1 ))) o g. 
Therefore, 

Ak((d s \o pr 2 D k(g + sw, v)) o g^ 1 ) = 
= AkiA^iv o g~ l ) x .(w o g- 1 )) - (v o g~ X ) x (w o g^ 1 ) 

= (v o g-%.( w o + £ £ f 2 .') di +l A- k \v o g-^-^w o g- 1 ) 



i=0 j=0 v 

(Do^ymof 1 ) g HC n - 2k 



By (6.12) and (6.13) this is locally Lipschitz jointly in v,g,w. Moreover we 
have d s \o pr 2 D k (g + sw,v) £ HC n , and D k is linear in v. Thus is strongly 
C\ 

(3) CZaim. The mapping E k : DiffHC" xHC n -» DiffHC™ xHC n - 2k is 
strongly C 1 . This can be proved similarly, again using (6.12) and (6.13). 

By the two claims equation (1) can be viewed as the flow equation of a 
C 1 -vector field on the Hilbert manifold DiffHC" xHC n . Here an existence 
and uniqueness theorem holds. Since v = is a stationary point, there exist 
an open neighborhood W n of (Id, 0) in DiffHC" xHC n such that for each 
initial point (ga,vo) G W n equation (1) has a unique solution Fl™ (go , ) = 
(g(t),v(t)) defined and C 2 in t e (-2,2). Note that v(t) = g t (t), thus g(t) is 
even C 3 in t. Moreover, the solution depends C 1 on the initial data. 

We start with the neighborhood 

W 2k +i C DiffHC 2fc+1 xHC 2k+1 D DiffHC" xHC n for n > 2k + 1 

and consider the neighborhood V n := W 2k +i n DiffHC" xHC n of (Id, 0) 

(4) Claim. For any initial point (go, v ) <E V n the unique solution Fl"(g , £>o) = 
(g(t), v(t)) exists, is C 2 in t e (—2, 2), and depends C 1 on the initial point in 
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We use induction on n > 2k + 1. For n = 2k + 1 the claim holds since 
V 2k +i = W 2k+ i. Let (g , v ) G V 2k+2 and let Flf +2 (g , v ) = (g{t),v(t)) 
be maximally defined for t G (ti,t2) 3 0. Suppose for contradiction that 
t 2 < 2. Since {g ,v ) G V 2fe +2 C V 2fe +i the curve Flf +2 (.g , -y ) = {g(t),v{t)) 
solves (1) also in DiffHC 2 ^ 1 xHC 2k+1 , thus Fl 2fc+2 (g , «o) = {g{t),v(t)) = 
(g(t),v(t)) := Fl 2fe+1 (.g ,wo) for i G (ii,i 2 )n(-2,2). By (7.3.6), the expression 

J(t) = J(g, v, t) = g x (t) 2 A k (u(t)) o = fliC (t) 2 A fc (i;(t) o g(i)- 1 ) o fl (t) (5) 

is constant in t G (—2,2). Actually, since we used C°°-theory for deriving 
this, one should check it again by differentiating. Since u = gt ° g^ 1 we get 
the following (the exact formulas can be computed with the help of Faa di 
Bruno's formula (6.1). 

u x = (g tx ° g'^ig'^x = — ° g^ 1 

gx 

9x 9x 

gx 

|2, 



d 2 x (g- 1 )-g = -H 



gl 

a2fc 



d 2k g 

d 2k (g~ r ) o g = §k+i l° wcr order terms in g 

gx 

/r .2if \ &f gt &fg i i 

(d x u) o 5 = — ^ gtx —^- + lower order terms m g, g t = v. 

gx gx 

Thus 

(-l) k gl k - 1 J(t) = g x dfg t - g tx df 'g + lower order terms in g,g t = 
Hence for each t G (—2, 2): 

gxdfgt - gtxdfg = (-l) k g 2 x (gf^J{t) + P k (g, «)) , where 
p , , _ Q fc (g, . . . , 9f ~ 1 g , p, ^ . . . , df^) 

^fcV<7i v ) ~ 2 

for a polynomial Since J(i) = J(0) we obtain that 
fdfg(t)\ 



\ 9x(t) J 
This implies 

dfg{t) d 2 x k g(0) 



(-l) k (g 2 x k -\t)J{Q) + P k (g(t), v(t))) for all t G (-2, 2). 



3xW 9x(0) Jo 



(-l) fe / (g 2fe - 3 ( S )J(0) + P fe (. 9 ( S ),«( S ))) ds. 
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For t G {t\,t 2 ) we have 



^(*) = -fzT9x®+ (6) 



+ (-l)*<fe(*) £ ( 5 f- 3 ( S )J(0) + P fe (. 9 ( S ), W ( S ))) da. 



Since (go,«o) € V2fc+2 we have J(0) = J(.go,^o,0) G iJC 2 by (5). Since 
fc > 1) by (6) we see that d 2k g(t) G HC 2 . Moreover, since t 2 < 2, the limit 
lim t ^i 2 _ d 2k g{t) exists in HC 2 , so lim t ^ t2 _ g(t) exists in HC 2k+2 . As this 
limit equals g(t 2 ), we conclude that 3(^2) G DiffHC 2fc+2 . Now v = g t ; so we 
may differentiate both sides of (6) in t and obtain similarly that lim t ^ t2 _ v(t) 
exists in HC 2k+2 and equals v(t 2 ). But then we can prolong the flow line 
(g,v) in DiffHC 2fe+2 xHC 2k+2 beyond t 2 , so (h,t 2 ) was not maximal. 
By the same method we can iterate the induction. □ 



8. The Virasoro-Bott group and the Korteweg-de Vries 
hierarchy 

8.1. The Virasoro-Bott group 

Let Diff denote any of the groups DiffHC+OS* 1 ), Diff(R) (diffcomorphisms 
with compact support), or Diff 5 (M) of section (6). For ip G Diff let ip' : 
S 1 or M — > R+ be the mapping given by T x <p ■ d x — <p'(x)d x . Then 

c : Diff x Diff -> R 
c(v.V') : = 7: / l°g(^° tp)'dlogip' = i / log^'o^dlogV'' 

satisfies c(<£, </? _1 ) = 0, c(Id, VO = 0, c(ip, Id) = 0, and is a smooth group 
cocycle, i.e., 

c(f2, ^3) - C(<£i o ^2, <^3) + C(<p!,tp2 o tp 3 ) - c(tpi,tp 2 ) = 0, 

called the Bott cocycle. 
Proof. Let us check first: 

J log(<£ o ip)'dlogip' = J log((<^' o %p)ij)')d\og ip' = 

= J \og(<p' o Tp)d\0g1p' + J log(lp')dlog V^i 

j log^odiogv' = 1 y d iog(^) 2 = 0. 

2c(Id, V) = / log(l)dlog^' = 0. 
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2c(p,Id) = y log( ¥ /)dlog(l)=0. 

2c( ¥ r\ ¥ >) = J logdp- 1 o<p)')dlog<p' = J log(l)dlog^' = 0. 
c(<£,<£ _1 ) = 0. 
For the cocycle condition wc add the following terms: 

2c(ip 2 ,ip3) = J \og((p' 2 o tp 3 )d\ogtp' 3 

-20(9910^2,^3) = - J \og((ipi o (p 2 y o ip 3 )d\og(p 3 

= - J l0g((^i o^2° ^3)^2 <^3))rfl0g^3 
= - /" log(^i Of2» ^ 3 )dl0g^3 - J \og{ifi' 2 o p 3 )dlogV>3 
2c(^l,<p 2 ^3) = y l0g(v'l ^2 O V5 3 )dl0g(^2 O ^3)' 
l0g(v?i °V20 ^ 3 )rflog((^ 2 ^3) ^3) 

log(^'i 0^2° Vz)d\og{ip' 2 0^3)+ y log(v'i °f2° f3)d\ogf' 3 

= y iog(yi ° log <^ 2 + y iog(<^i o 932 o ^ 3 )d log 

-2c(^i,<^ 2 ) = - j \og{(pi oip 2 )d\og(p' 2 a 

The corresponding central extension group S 1 x c DiffHC + (S' 1 ), called the 
periodic Virasoro-Bott group, is a trivial S^-bundle S 1 x DiffHC + (S' 1 ) that 
becomes a regular Lie group relative to the operations 

MM/ w \ M _1 = M 1N \ 

for ^j, V S DiffHC + (5 1 ) and a, (3 £ S 1 . Likewise we have the central extension 
group with compact supports R x c Diff(R) with group operations 

MM/ W \ M _1 = M 1N \ 

WW \a + P + c^,i,))' \a) \-a) 

for ip, tp S DiffHC + (R) and a, /3 € R. Finally there is the central extension of 
the rapidly decreasing Virasoro-Bott group R x c Diff J (R) which is given by 
the same formulas. 
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8.2. The Virasoro Lie algebra 

Let us compute the Lie algebra of the two versions of the the Virasoro-Bott 
group. Consider R x c Diff, where again Diff denotes any one of the groups 
DiffHC + (S' 1 ), Diff(R) , or Diff 5 (R). So let <p,tp : R Diff with <p(0) = 
ip(0) = Id and <pt(0) = X, ip t (0) = Y e X C (R), X(5 1 ), or S(R)d x . For 
completeness' sake we also consider a, (3 : R — > R with a(0) = 0, (3(0) = 0. 
Then we compute: 

AH MOW y \_ MtjUMMr 1 

Ad {a(t)J U'(0)J " ds| °U(i)J U*) J 

\a(t) + /?(*) + c{y{t)^{s)) - a(t) + c(<p(t) o ^(*), vW" 1 ) 

V (t),y - Ad(^(t))y 

&(0) + d s \ c{<p{t),i>(s)) + a a | c(^(t) o V(*),¥>(*) _1 ) 



(i) 



a t (0)y V/3t(0) 

oJ (Fif ).r = Ad(^(t))y 

*' U(0) + 5 s | c(^(i), + d.\ c{<p(t) o 

5 t |oa s |oc(^),^( s )) + a t | a s |oc(^)o^( s )^(t)-i) 



(2) 



Now we differentiate the Bott cocycle, where sometimes /' = d x f: 
2d s \ c(<p(t),iP(s)) =d s \ J log(^)'oV(s))dlog(V(s)') 



= J ]og(<p(t)')Y" dx 
2dt\od a \oc(<p(t),1>(s)) = %\o J log(ip(t)')Y" dx = J ^ydx = J X'Y"dx. 



For the second term we first check: 



/ -in 1 / -in Vxx°V 1 

if )x = — , (V )xx = — 



lf x Oip 11 ' 7 (ip x O 05 i) 3 

P -1 ^)^) — dx = dy 

tp x otp 1 

In n 09" O^ 1 03" 

dIog((rt) = -^ I55< fa = -^ 



and continue to compute 
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2d s \ c(<p(t) o cpity 1 ) = d s \ J log((v>(t) o ^( S )) x o ^)-!) dlog^(t)- 1 ) 



/ 



( V (t)'o^(t)-l)^(0)'o V (t)-l) 

(#") 2 y + ^)VW"r 



■dlog^(i)- 1 ) 



fo>(t)") 2 y + ¥>(t)V(t)"*" 



(¥>(*)') 



2a t |o9 s |oc((^(t) o ^>(s),<p(i) _1 ) = -d t \o J — r "' ' </// 

/• o + o + </7(oyx" r' -o 

(^(o)' = i) 4 

= - /" X"Y' dy = J X'Y" dx. 
Finally we get from (2): 



dy 



a)' (ft 



(3) 



where 



w(X,Y) = lj(X)Y = J X'dY 1 = J X'Y"dx = \ J dct y„ ) dr. 



is the Gelfand-Fuchs Lie algebra cocycle uj : g x g — > K, which is a bounded 
skew-symmetric bilinear mapping satisfying the cocycle condition 

u([X, Y], Z) + cj([Y, Z],X)+ u([Z, X],Y) = 0. 

It is a generator of the 1-dimensional bounded Chevalley cohomology H 2 (g, R) 
for any of the Lie algebras g = X(5' 1 ), 5E C (R), or S(M)d x . The Lie algebra of the 
Virasoro-Bott Lie group is thus the central extension K. x u g of g induced by 
this cocycle. We have H 2 (3L C (M),M.) = for each finite dimensional manifold 
of dimension > 2 (see [21]), which blocks the way to find a higher dimensional 
analog of the Korteweg - de Vries equation in a way similar to that sketched 
below. 

For further use we also note the expression for the adjoint action on the 
Virasoro-Bott groups which we computed along the way. For the integral in 
the central term in (1) we have: 

1 U^.j^n (V") 2 Y + V'V"Y' 



2 



/ (lwr -_(^^ )dI ^ /( _^ y ,_ ( ^ )V)dI 



where a new character appears on stage, the Schwartzian derivative: 
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which measures the deviation of <p from being a Moebius transformation: 
5(,) = 0^^)^for (^)€5L(2,R). 

Indeed, S(^) = if and only if g = log(y')' = ^7- satisfies the differential 
equation = g 2 /2, so that = dx or = £+| which means log(<//)'(a;) = 
9{*) = ^TJfc OT a S ain log(^W) = / ^ - -2Iog(a: + d/c) - 21og(c) - 
M^)- Therefore, ^'(x) = ^ = 

For completeness' sake, let us note here the Schwartzian derivative of a 
composition and an inverse (which follow since the adjoint action (5) below 
is an action): 

S{<p o V) = (Sfo>) ° V)(V>') 2 + Sty), =-^o<p-i 
So finally, the adjoint action is given by: 

8.3. if°-Geodesics on the Virasoro-Bott groups 

We shall use the L 2 -inner product onlx u g, where g = X(S 1 ), X C (M), S(M)d x : 



X\ (Y 
a 



COW 



XYdx + ab. (1) 



Integrating by parts we get 

, /X\ fY\ (Z\ \ I (X'Y - XY'\ (Z 
ad 



c //o \V w(x,y) /' V c //o 

(jf'yz - xy'z + cX'y") dx 



y (2X'Z + XZ' + cX"')y 



y\ , /x\ T (z 



, ad I II I ) , where 
a 



I 

X\ T (Z\ _ (2X'Z + XZ' + cX'"^ 



ad 

Using matrix notation we get therefore (where d := d x ) 
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ad 
ad 



X\ _ fX' -XdO 
a ) ~ { uj{X) 

X\ T _ /2X' + XdX" 
a) ~ \ 



a J \ / \ a 

X\ T , {X\ {X' + 2X0 X'" 



ad ' a - a \aJ-\ -«,(*) 



Formula (3.2.2) gives the H° geodesic equation on the Virasoro-Bott group: 

T 



u, 
a t 

«(*) 
a(t) 



ad 



-3u x u — au x 




where 



(2) 



<p(s)\ Mr 1 

a(s)J\-a(t) 

ip(s) oipit)- 1 
a(s)-a(t)+c(<p(s),<p(t)-i) 



ip t oip 



2ifl 



-dx 



since we have 



2d s c( ip ( S ), lf (t)- i )\ s=t = d s J log^/o^-vioga^r 1 )')!^ 



-! 



dx by (8.2) 



(v 



-dx. 



Thus a is a constant in time and the geodesic equation is hence the Korteweg- 
de Vries equation 

u t + 'iu x u + au xxx = 0. (3) 



with its natural companions 

ip t =uoip, 



cat 



a + J 



PtxPxx 



dx. 



It is the periodic equation, if we work on S 1 . 
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The derivation above is direct and does not use the Euler-Poincare equa- 
tions; for a derivation of the Korteweg-de Vries equation from this point of 
view see [34], section 13.8. 

Let us compute the invariant momentum mapping from (4.3.2). First we 
need the transpose of the adjoint action (8.2.5): 



01 1 \b J \cj / \\b J \a 
o 



b)' \c + J S(ip)Zdx 



= J Y((tp' oi p - 1 )(Zoip- 1 )dx + bc + J bS(if)Zdx 
((Y o (p)(ip r f + bS(<p))Z dx + be 



^) T ( y ) = ( {Y °^ w)2+bsM y 



Ad 

Thus the invariant momentum mapping (4.3.2) turns out as 



i). a 



(4) 



Along a geodesic t i— > g(t, ) — ( v ^lt) accor ding to (3) and (4.3), the 
momentum 



J 



(5) 

is constant in t. 



8.4. The curvature 

The computation of the curvature at the identity element has been done 
independently by [41] and Misiolek [42]. Here we proceed with a completely 
general computation that takes advantage of the formalism introduced so far. 

Inserting the matrices of differential- and integral operators ad ( x ) , ct(^), 
and ad (^) etc. given above into formula (3.4.2) and recalling that the matrix 
is applied to vectors of the form (^), where c is a constant, we see that 

4^ (Cai)' (oa 2 )) ^ s ^ e f° uowm g 2 x 2-matrix whose entries arc diffcrcntial- 
and integral operators: 
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/ A{X 1 X^-X'{X 2 ) + 2{a 1 X ( 2 i) - a 2 X (4) ) \ 

+(&(XiX 2 - X[X 2 ) + 10( ai X 2 " - a 2 X'l'))d 1{X'"Xi - X'iK) 

+18(a 1 X 2 ' - a 2 X'{)d 2 +2(X 1 X ( 2 4) - x[ A) X 2 ) 

+(l2( ai X 2 - a 2 X[) + 2uj(X 1 ,X 2 ))d 3 +(a 1 X 2 :6) - a 2 x{ 6) ) 
-X^'u(X 2 ) + X!;'u(X 1 ) 

u(X 2 )(4X[ + 2X 1 d + a 1 d 3 ) 
-tu(X 1 )(4X 2 + 2X 2 d + a 2 d 3 ) 

Therefore, 4TZ (f 2 2 )) (f 3 3 ) has the following expression 

( 4(M2 - X['X 2 )X 3 + 2( ai X { 2 4) - a 2 x[ 4) )X 3 
+ (8(Xi^ - X[X 2 ) + lO( ai X^ - a 2 X'{')) X' 3 
+ 18(aiX^' - a 2 X'{)X' z ' + \2(a x X' 2 - a 2 X[)X' z " 

+ 2X' 3 " J X[X%dx-X'{' J X' 2 X%dx + X' 2 " J X[X%dx 
+ 2a 3 {X'{'X 2 -X[X' 2 ") + 2a 3 (X 1 X { 2 4) -X ( f ) X 2 ) + a^xf -a 2 x[ 6) ) 



I 



X' 3 "( ai X 2 " - a 2 X';')dx 
y + J 2X' S (X 1 X 2 " - X'I'X 2 - 2X[X' 2 ' + 2X'(X' 2 )dx j 

which coincides with formula (2.3) in Misiolck [42]. This in turn leads to the 
following expression for the sectional curvature 

= J (4(XrX£ - Xi'X 2 )X 1 X 2 + 8(X^ - X[X 2 )X[X 2 

+ 2(a 1 X 2 [4) - ^X^X^ + lO{ ai X%' - a 2 X'l')X' x X 2 

+ 18(aiX£ - a 2 X'()X'(X 2 

+ \2{a Y X' 2 - a 2 X' 1 )X'{ l X 2 + 2u(X u X 2 )X'{'X 2 

- X'{'u J {X 2 ,X 1 )X 2 +X' 2 "io{X u X l )X 2 

+ 2{X'l'X' 2 - X[X' 2 ") ai X 2 

+ 2(X 1 X { 2 4) - x[ 4) X 2 ) ai X 2 

+ {a 1 xf ) -a 2 x[ 6) ) ai X 2 

+ {AX'^X'l' + 2X 1 X[X 2 " + ai X'{'X' 2 " 

- <±X' 2 X x X'l' - 2X 2 X[X'l' - a 2 X'{' X'{' )a 2 ) dx 
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A[X ll X 2 ] 2 + A{ ai X 2 - a 2 X 1 )(X 1 X^ 4) - X[X 2 " + X'{'X' 2 - x[ 4) X 2 ) 

- (X' 2 " fa\ + 2X["X 2 " ai a 2 - (X'{') 2 a£j dx 
+3lo(X 1 ,X 2 ) 2 . 



This formula shows that the sign of the sectional curvature is not constant. 
Indeed, choosing hi(x) — sinx,h 2 (x) — cos x we get — 7r(8+a^+a| — 37r) which 
can be positive and negative by choosing the constants 01, a 2 judiciously. 



8.5. Jacobi fields 

A Jacobi field y = (^) along a geodesic with velocity field (") is a solution of 
the partial differential equation (3.5.1) which in our case looks as follows. 



Vtt 



Vxx: 

w(y) 



2u x + ud x 




-2u x - 4ud x - adl -u xxx 



uj(u) 



u 
a 

ad 



u \ (Vt 

a 

u 
a 



which leads to 

Vtt = -u(4y tx + 3uy xx + ay xxxx ) - u x (2y t + 2ay xxx ) 

- u xxx (b t + cj(y, u) - 3ay x ) - ay txxx , 
b tt = oj(u, y t ) + u>(y, 2>u x u) + u(y, au xxx ). 

Equation (2) is equivalent to: 

b t ^J(-y txxx u + y xxx (3u x u + au xxx ))dx. 
Next, let us show that the integral term in equation (I) is constant: 
b t +uj(y,u) = b t + y xxx udx =: B 1 . 



(1) 
(2) 

(2') 
(3) 



Indeed its t-derivative along the geodesic for u (that is, u satisfies the 
Korteweg-de Vries equation) coincides with (2'): 
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b u + J (ytxxxU + y xxx u t ) dx = bu + J (ytxxxU + y xxx (-3u x u - au xxx )) dx = 0. 

Thus b{t) can be explicitly solved from (3) as 

b(t) = Bo + Bit - J J y xxx u dx dt. (4) 

The first component of the Jacobi equation on the Virasoro-Bott group is a 
genuine partial differential equation. Thus the Jacobi equations are given by 
the following system: 

ytt = -u(4y tx + 3uy xx + ay xxxx ) - u x (2y t + 2ay xxx ) 

- u xxx {Bx - 3ay x ) - ay txxx , (5) 
Uf — 3u x ii ci'U xxx ^ 
a = constant, 

where u(t, x),y(t, x) are either smooth functions in (t, x) e Ix S 1 or in (t, x) e 
I x M, where I is an interval or R, and where in the latter case u, y, y t have 
compact support with respect to x. 

Choosing u = c e M, a constant, these equations coincide with (3.1) in 
Misiolek [42] where it is shown by direct inspection that there are solutions 
of this equation which vanish at non-zero values of t, thereby concluding 
that there are conjugate points along geodesies emanating from the identity 
element of the Virasoro-Bott group on S 1 . 



8.6. The weak symplectic structure on the space of Jacobi fields on 
the Virasoro Lie algebra 

Since the Korteweg - de Vries equation has local solutions depending smoothly 
on the initial conditions (and global solutions if a ^ 0), we expect that the 
space of all Jacobi fields exists and is isomorphic to the space of all initial 
data (Rx w X(5 1 )) x(Rx u, X(S' 1 )). The weak symplectic structure is given in 
section (3.7): 




+ b(c t + u)(z, it)) - c(b t + u(y, u j) - auo(y 1 z) 
J (yz t - y t z + 2u(yz x - y x z)) dx (1) 
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+ bd -cBi-a J y'z" dx, (1) 
where the constant C\ relates to c as B\ does to b, see (8.5.3) and (8.5.4). 

8.7. The geodesies of the if fe -metric on the Virasoro group 

We shall use the ff fe -inner product onRx w g, where g is any of the Lie algebras 
X(S 1 ) or X^(M) = S(R)d x . The Lie algebra 5E C (R) does not work here any 
more since A k = X^=o( — 1) J 1S no l° n g cr a linear isomorphism here. 

( ( a ) ' (I) ) : = / {XY + X ' Y ' + ■ ■ ■ + x(k)Y(k) ) dx + ab (!) 

= J A k {X)Y dx + ab = j XA k (Y)dx + ab, 

k 

where A k = ^](-l) l <9^ as in (7.3.1). 

i=0 

Integrating by parts we get 

-^o).e)>.-<(^.r " 



j (X'YA k (Z) - XY'A k (Z) + cX'Y") dx 

J (2X'YA k (Z) + XYA k (Z') + cX'") dx 

J YA k A k 1 (2X'A k (Z) + XA k (Z') + cX'") dx 

^ ad ( J ( ] ) , where 



b J \a J \c 



o 



ad ^Tj T ^j = ^A- 1 (2X'A k (Z)+XA k (Z')+cX'' , f ^ 

Using matrix notation we get therefore (where d := d x ) 
'X\ fX' - Xd s 



ad 
ad 



u{X) 



X\ _ (A-\(2X'.A k +XA k .d x ) A-^X'") 




X\ =a J \ [X\ = (A-\{A k {X') + 2A k {X)d x + ad 3 ) 0\ 

0/ ' 



a I = ad 

a J \ I \ a 
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Formula (3.2.2) gives the geodesic equation on the Virasoro-Bott group: 

ut\ _ _ ad AA /u\ _ f-Ak 1 (2u x A k (u) + uA k (u x ) + au xxx )\ 
a t ) = a [a {a)~{ V U 



where 



u (t)\ _ ( ft o ip 1 
a(t)J ~{a t -J ^0^dx 



as in (8.3.2) Thus a is a constant in time and the geodesic equation contains 
the equation from the Korteweg-de Vries hierarchy: 

A k {u t ) = -2u x A k (u) - uA k (u x ) - au xxx (4) 

For k = this gives the Korteweg-de Vries equation. 
For k = 1 we get the equation 

Uf V't xx 3uu x 2u x u xx -\- uu xxx au xxxi 

the C amass a- Holm equation, [13], [36]. See (7.3.4) for the dispersionfree ver- 
sion. 

Let us compute the invariant momentum mapping from (4.3.2). First we 
need the transpose of the adjoint action (8.2.5): 

'^ T e;>e)) t =<(>(: uz 



b)' \c + J S(ip)Zdx 
A k (Y){ip. t Z) dx + bc + J bS(ip)Zdx 

= J A k (Y)(((p , Z)oip- 1 )dx + bc + J bS(<p)Zdx 

= J(A k (Y)o( P )(( P ') 2 Zdy + bc + J bS(ip)Zdx 

= j((A k (Y)o^') 2 +bS(<p))Zdx + bc 

= J AkA-^iAk^ocpXcp') 2 +bS(<p))Zdx + bc 

= ^ (A- k l {{A k {Y) o V ){ v 'f + bs(v))^ jz^y 

Ad ^ = ^((A^o^'r+bS^ 

Thus the invariant momentum mapping (4.3.2) turns out as 
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D'C;))-<r) T a)^r (, ' 4 ' (v> r ,2+ ^ )) )- 



(5) 

Along a geodesic t i— > .g(i, ) = according to (4) and (4.3), the 



momentum 

V\ /u = ^o^" 1 \\ _ / A' k 1 (A k (u) o Lp)tpl + aS(<p)) 



= (A k \{A k { Vt o ^) o ^ + a S(<^ 



(6) 



is constant in t, and thus also 

J(a, if) := (A k (<p t o p" 1 ) o p)^ + a s(<p) (7) 

is constant in t. 
8.8. Theorem. 

[12] Let k > 2. There exists a HC 2k+1 -open neighborhood V of (Id, 0) in the 
space (S 1 x c Diff(S' 1 )) x (M x w X(5 1 )) such that for each (go, a, uo, a) G V 
there exists a unique C 3 geodesic g € C 3 ((— 2, 2), S 1 x c Diff (S 1 )) for the right 
invariant H k Riemann metric, starting at g(0) — go in the direction gt(0) = 
uo o go g T ga Diff(S' 1 ). Moreover, the solution depends C 1 on the initial data 

(go,u ) e V. 

The same result holds if we replace S 1 x c Diff(5 1 ) by Rx c Diff 5 (R) and 
X(S 1 ) by S(R)d x = £ S (R). 

In the following proof Diff, X, DiffHC", HC n will mean either Diff(5 1 ), 
X(S* 1 ), DiffHC" (S* 1 ), HCiS 1 ), or Diff s (R), X S (K), DiffHC™ (R), iJC"(M), 
respectively. 

Proof. For u E HC n , n > 2k + 1, we have as in the proof of (7.4) 

fc 2i 

A fc ( UUx ) - u A fc ( U;c ) + ^(-i)^( 2 ;)(a»(a^+ 1 M ) = :U A fe ( Ux ) + s fe ( u ), 

i=0 j'=l 

where Sfe : £TC n — ► HC n ~ is a bounded quadratic operator. Recall from 
(8.7.4) that we have to solve (where a is a real constant) 

u t = -A~ k 1 (2u x A k (u) + uA k {u x ) + au xxx ) 

= -A~ k 1 (2u x A k (u) + A k {uu x ) - B k (u) + au xxx ) 
= -uu x - A^ 1 (2u x A k (u) - B k (u) +au xxx ) 
=: -uu x + A^Ckiu^a), 

where u = g t ° g^ 1 € X, and where C k : HC n — > HC n ~ 2k is a bounded 
polynomial operator, given by 
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C k (a,u) = -2u x A k (u) + B k (u) - au xxx 

k 2i 

= -2n^ fe («) + ^(-l) i ^( 2 ;)(^)(^+ 1 n)-a« x;cx . 

i=0 j = l 

Note that here we need 2k > 3. In [43] this result was obtained for k > 3/2. 
We put 

g t = :v = Uog 

V t = U t og+ (u x o g) 5t =u ( oj+ (mj oj = A^Ck (a, u) o g 
= Aj'Cfcfa.Dof 1 ) oj =: pr 2 (L> fe o E k )(g,v), where 

(1) 

E k (a,g,v) = {g,C k {a,vo g- 1 ) o g), D k {g,v) = (g, A^(v o g" 1 ) 05). 

Now consider the topological group and Banach manifold DiffHC". 

Ctom. The mapping L> fe : DiffHC™ xHC n ~ 2k -» DiffHC™ xiJC" is 
strongly C 1 . 

Let us assume that we have C 1 -curves s i— > g(s) € DiffHC™ and s v(s) e 
HC n - 2k . Then we have: 

<9 s pr 2 D fe (o,5(s),t)(s)) = 3,4 1 (" 9" 1 ) 5 

= A- 1 ^ o g- 1 ) o g + A' 1 f(v x o g-^-i^l)) ff 

V 9x ° g / 

+ (Ak 1 ^ 9~ v )x °g)g s 

A fe ((d s pr 2 .D fe (a,.g(,s),?;( s ))) o g- 1 ^ = 

= Vsog- 1 - (vog~ 1 ) x (g s og- 1 ) + A k (A^ 1 (v o g~ 1 ) x (g s o .g -1 )) 
= w s o g" 1 - (wo g^ 1 )^ o gr 1 ) + (w o g^ r ) x (g s o g~ X ) + 



+ E E (^)(^ +1 (AT 1 (,o.g- 1 ))^(^°ff- 1 ) e ^- 2 < 

i=0 j=0 ^ ^ ' 
9 s pr 2J D fe (a,g(s),w(s)) = ^(^oj^jog 



i=0 j=0 



and by (6.12) and (6.13) we can conclude that this is continuous in a, g, g s , v, v s 
jointly and Lipschitz in g s and v s . Thus D k is strongly C 1 . 

Claim. The mapping E k : DiffHC" xHC n DiffHC™ xHC n ~ 2k is 
strongly C 1 . 

This can be proved in a similar way as the last claim. 

By the two claims equation (1) can be viewed as the flow equation of a 
C 1 -vector field on the Hilbert manifold DiffHC" xHC n . Here an existence 
and uniqueness theorem holds. Since v — is a stationary point, there exists 
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an open neighborhood W n of (ld,0) in DiffHC" xHC n such that for each 
initial point (go,Vo) G W n equation (1) has a unique solution FV£(go,Vo) = 
(g(t),v(t)) defined and C 2 in t G (-2,2). Note that v(t) = g t (t), thus g(t) is 
even C 3 in t. Moreover, the solution depends C 1 on the initial data. 
We start with the neighborhood 

W 2k+1 C DiffHC 2fc+1 xHC 2k+1 D DiffHC" xHC n for n > 2k + 1 

and consider the neighborhood V n := W 2k +i n DiffHC" xHC n of (Id, 0). 

Claim. For any initial point (.9o> w o) G V n the solution F\™(g ,vo) = 
(g(t),v(t)) exists, is unique, is C 2 in t G (—2,2), and depends C 1 on the 
initial point in V n . 

We use induction on n > 2k + 1. For n = 2fc + 1 the claim holds since 

V2fe+i - Wbfc+i- Let (SO, «o) e V2fe+2 and let Fl 2fc+2 ( 5o , «b) = (£(*), *>(*)) 
be maximally defined for i G (*i,*2) 3 0. Suppose for contradiction that 
i 2 < 2. Since {g ,v Q ) G F 2 fc+2 C F 2 fc+i the curve Fl 2fc+2 ( 5o , «o) = (jj(t),v(t)) 
solves (1) also in DiffHC 2fe+1 xHC 2k+ \ thus Fl 2fc+2 ( ff0 , wo) = {g{t),v{t)) = 
(g(t),v(t)) := F\ 2k+1 (g ,v a ) for t G (ii,t 2 )n(-2,2). By (7.3.6), the expression 

J(t) = J(<?, t) = 5x (t) 2 A fc (u(t)) o <,(*) = g x (tYA k (v(t) o 5 (t)) o g(t) (2) 

is constant in t G (—2,2). Actually, since we used C°°-theory for deriving 
this, one should check it again by differentiating. Since u = gt o g" 1 we get 
the following (the exact formulas can be computed with the help of Faa di 
Bruno's formula (6.1): 

u x = {gtx ° g' 1 )^' 1 )* = —og- 1 

gx 

^=(%- 5te %)o. 9 - 1 
9 2 9l 

dxig- 1 ) = - o g- 1 
9x 

d 2 x (g- 1 )og = -^f 
gt 

d 2k q 

d 2k (g^ 1 ) o g = + lower order terms in g 

gx 

rr .oh s d 2k gt d 2k g 

{d x u)og= gtx ——^- + lower order terms mg,g t =v. 

gx gx 

Thus 

(- 1 ) fe .9x' c_1 ^(*) = gxd 2k g t - gtxdfg + lower order terms in ,g,.g t = v. 
Hence for each i G (—2, 2): 

gxd 2k g t - gtxdfg = {-l) k g 2 x (gf-*J{t) + P k (g, «)) , where 
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Q k (g, d x g, . . . , df^g, v, d x v, . . . , df^v) 



gl 



for a polynomial Qk- Since J(t) = J(0) we obtain that 

'dfg{t)\ . - / 2fe _ 



This implies 



(-1)" (gf ^(t) J(0) + P fe ( 5 (t), «(*))) for all t e (-2, 2). 



g 2fc gft) _ gfg(0) 
For t e (ti,t2) we have 



+ (-1 



(gl k - 3 (s)j(0) + P k (g(s),v( s ))) ds. 



df~g{t) =ffa x {t)+ (3) 
Ox go 

+ (-l) k g x (t)J* (g 2 x k - 3 (s)J(0)+P k (g(s),v( S ))) ds. 

Since (<7o,^o) € V2fc+2 we have J(0) = J(go,vo, 0) € iJC 2 by (2). Since 
k > 1, by (3) we see that <9 2fe g(t) e HC 2 . Moreover, since f 2 < 2, the limit 
lim t ^i 2 _ dl k g{t) exists in ifC 2 , so lirn t ^ 2 _ <?(£) exists in HC 2k+2 . As this 
limit equals 5(^2), we conclude that 3(^2) € DiffHC 2fe+2 . Now v = g t ; so we 
may differentiate both sides of (3) in t and obtain similarly that lim t ^ t2 _ v(t) 
exists in HC 2k+2 and equals vfa)- But then we can prolong the flow line 
(g,v) in DiffHC 2fe+2 xHC 2k+2 beyond t 2 , so (h,t 2 ) was not maximal. 
By the same method we can iterate the induction. □ 



Appendix A. Smooth calculus beyond Banach spaces 

The traditional differential calculus works well for finite dimensional vector 
spaces and for Banach spaces. For more general locally convex spaces we sketch 
here the convenient approach as explained in [20] and [30] . The main difficulty 
is that the composition of linear mappings stops to be jointly continuous at 
the level of Banach spaces, for any compatible topology. We use the notation 
of [30] and this is the main reference for the whole appendix. We list results 
in the order in which one can prove them, without proofs for which we refer 
to [30]. This should explain how to use these results. Later we also explain 
the fundamentals about regular infinite dimensional Lie groups. 

A.l. Convenient vector spaces 

Let E be a locally convex vector space. A curve c : R — > E is called smooth 
or C°° if all derivatives exist and are continuous - this is a concept without 
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problems. Let C°°(R, E) be the space of smooth functions. It can be shown 
that C°° (SSL, E) does not depend on the locally convex topology of E, but only 
on its associated homology (system of bounded sets). 

E is said to be a convenient vector space if one of the following equivalent 
conditions is satisfied (called c°°-completeness): 

1. For any c G C°°(R, E) the (Ricmann-) integral c(t)dt exists in E. 

2. A curve c : R — > E is smooth if and only if A o c is smooth for all Ae£', 
where £" is the dual consisting of all continuous linear functional on E. 

3. Any Mackey-Cauchy-sequence (i. e. t nm {x n — x m ) — > for some i nm — ► oo 
in R) converges in _E. This is visibly a weak completeness requirement. 

The final topology with respect to all smooth curves is called the c°°-topology 
on E, which then is denoted by c°°E. For Frechet spaces it coincides with 
the given locally convex topology, but on the space V of test functions with 
compact support on R it is strictly finer. 

A. 2. Smooth mappings 

Let E and F be locally convex vector spaces, and let U C E be c°°-open. 
A mapping / : U -> F is called smooth or C°° , if / o c e C°°(R,F) for all 
c e C°° (R, U) . The main properties of smooth calculus are the following. 

1. For mappings on Frechet spaces this notion of smoothness coincides with 
all other reasonable definitions. Even on R 2 this is non-trivial. 

2. Multilinear mappings are smooth if and only if they are bounded. 

3. If f : E D U — > F is smooth then the derivative df : U x E — > F is smooth, 
and also df : U — > L(E,F) is smooth where L(E,F) denotes the space of 
all bounded linear mappings with the topology of uniform convergence on 
bounded subsets. 

4- The chain rule holds. 

5. The space C°°{U, F) is again a convenient vector space where the structure 
is given by the obvious injection 

C°°(U,F)-> ''[I C°°{R,F)^ J\ C°°(R,R). 

ceC°°(R,[/) cEC^(W,U),\eF ' 

6. The exponential law holds: 

C°°(U, C°°(V, Gj) ^C x (Ux V,G) 

is a linear diffeomeorphism of convenient vector spaces. Note that this is 
the main assumption of variational calculus. 

7. A linear mapping f : E — > C°°(V,G) is smooth (bounded) if and only if 
E C°°(y,G) G is smooth for each v e V. This is called the 
smooth uniform boundedness theorem and it is quite applicable. 
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A.3. Theorem. [20], 4.1.19.. 

Let c : K — > _E &e a curve in a convenient vector space E . Let V C E' be a 
subset of bounded linear junctionals such that the bornology of E has a basis 
of a{E,V)-closed sets. Then the following are equivalent: 

1. c is smooth 

2. There exist locally bounded curves c k : R — > E such that I o c is smooth 
R^R with (foc)W =£oc k . 

If E is reflexive, then for any point separating subset V C E' the bornology of 
E has a basis of a (E,V)- closed subsets, by [20], 4.1.23. 



A. 4. Counterexamples in infinite dimensions against common 
beliefs on ordinary differential equations 

Let E := s be the Frechet space of rapidly decreasing sequences; note 
that by the theory of Fourier series we have s — C°° (S 1 , R) . Consider 
the continuous linear operator T : E — ► E given by T(xq, x\, X2, ■ ■ ■ ) := 
(0, l 2 xi, 2 2 X2, 3 2 X3, . . . ). The ordinary linear differential equation x'(t) — 
T(x(t)) with constant coefficients has no solution in s for certain initial values. 
By recursion one sees that the general solution should be given by 

" „ fn—i 

If the initial value is a finite sequence, say x n (0) — for n > N and Xjv(O) ^ 0, 
then 

N _ ■ 

i=0 y '' 

I l\2 N 
_ \ n '-> .n-N / 1 \2 (n . (n-N)\ .N-i 

- ( n _ TV)! ^ ( "~* )! 

> T^ryy 1*1-" (k(o)i (^) 2 - e (i) 2 i^(o)nr- 4 ) 



where the first factor does not lie in the space s of rapidly decreasing sequences 
and where the second factor is larger than e > for t small enough. So at least 
for a dense set of initial values this differential equation has no local solution. 

This shows also, that the theorem of Frobcnius is wrong, in the following 
sense: The vector field x ^ T(x) generates a 1-dimensional subbundlc E of 
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the tangent bundle on the open subset s \ {0}. It is involutive since it is 
1-dimensional. But through points representing finite sequences there exist 
no local integral submanifolds (M with TM — E\M). Namely, if c were a 
smooth nonconstant curve with c'(t) = f(t).T(c(t)) for some smooth function 
f, then x(t) := c(h(t)) would satisfy x'(t) = T(x(tj), where ft, is a solution of 
h\t) = l/f(h(t)). 

As next example consider E := R N and the continuous linear operator T : 
E — > E given by T(xq, xi, . . . ) := [x\, X2, . . . ). The corresponding differential 
equation has solutions for every initial value x(0), since the coordinates must 
satisfy the recusive relations Xk+i(t) = x' k (t) and hence any smooth functions 
x : R — > R gives rise to a solution x(t) :— (x^ Q k \t))k with initial value 
x(0) = (xq°^ (0))fe. So by Borel's theorem there exist solutions to this equation 
for any initial value and the difference of any two functions with same initial 
value is an arbitray infinite flat function. Thus the solutions are far from being 
unique. Note that R N is a topological direct summand in C°°(R, R) via the 
projection / (f(n)) n , and hence the same situation occurs in C°°(R, R). 

Let now E := C°°(R, R) and consider the continuous linear operator T : 
E -> E given by T(x) := x' . Let x : M -» C°°(M,R) be a solution of the 
equation x'(t) = T(x{t)). In terms of £ : M 2 — > R this says -^x(t,s) = 
■§^x(t, s). Hence r x(t — r,s + r) has vanishing derivative everywhere and 
so this function is constant, and in particular x(t)(s) — x(t, s) — x(0, s + 1) = 
x(0)(s + t). Thus we have a smooth solution x uniquely determined by the 
initial value x(Q) G C°°(R, R) which even describes a flow for the vector 
field T in the sense of (A. 6) below. In general this solution is however not 
real-analytic, since for any x(0) € C°°(R,R), which is not real-analytic in a 
neighborhood of a point s the composite ev s ox = x(s+ ) is not real-analytic 
around 0. 

A. 5. Manifolds and vector fields 

In the sequel we shall use smooth manifolds M modelled on c°°-open subsets 
of convenient vector spaces. Since we shall need it we also include some results 
on vector fields and their flows. 

Consider vector fields X, e C°°(TM) and Y t G r(TN) for i = 1,2, and 
a smooth mapping f : M — > N . If Xi and Yi are f -related for i = 1,2, i. e. 
Tf o Xi = Yi o /, then also [X±, X2} and [Yi, Y2] are f -related. 

In particular if / : M — > N is a local diffcomorphism (so (T x f)~ l makes 
sense for each x G M), then for Y G r(TN) a vector field f*Y G T(TM) is 
defined by (f*Y)(x) = (T x /) _1 .Y(/(a;)). The linear mapping /* : r(TN) -» 
r(TM) is then a Lie algebra homomorphism. 
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A. 6. The flow of a vector field 

Let X € r{TM) be a vector field. A local flow F\ x for X is a smooth mapping 
Fl x : M x R D U -» M defined on a c°°-open neighborhood U of M x such 
that 

1. &F\?{x)=X(F$(x)). 

2. Fl*(a;) = x for all x E M. 

3. [/ n ({x} x R) is a connected open interval. 

4. Fl* s = Flf o Flf holds in the following sense. If the right hand side exists 
then also the left hand side exists and we have equality. Moreover: If Flf 
exists, then the existence of both sides is equivalent and they are equal. 

Let X e r(TM) be a vector field which admits a local flow Flf . Then for 
each integral curve c of X we have c(t) — Flf (c(0)), thus there exists a unique 
maximal flow. Furthermore, X is Flf -related to itself, i. e. T(Flf ) o X = 
XoFlf. 

Let X E r(TM) and Y G r(TN) be f -related vector fields for a smooth 
mapping f : M — » N which have local flows F\ x and Fl Y . Then we have 
f o Flf = Fl^ of, whenever both sides are defined. 

Moreover, if f is a diffeomorphism we have Flf Y = / _1 o Fl Y o f in the 
following sense: If one side exists then also the other side exists, and they are 
equal. 

For / = Idu this implies that if there exists a flow then there exists a 
unique maximal flow Flf. 

A. 7. The Lie derivative 

There are situations where we do not know that the flow of X exists but 
where we will be able to produce the following assumption: Suppose that 
ip : R x M D U M is a smooth mapping such that (t, x) (t, ip(t, x) = 
ipt(x)) is a diffeomorphism U — > V, where U and V are open neighborhoods 
of {0} x M in R x M, and such that ip = Id M and d t ip t = X e r(TM). Then 
again d t \o{tp t )*f = d t \of ° (fit = df o X = X(f). 

In this situation we have for Y e r{TM), and for a k-form uo € fi k {M): 

d t \ (v t )*Y=[X,Y}, 
d t \o(<Pt)*uJ = C x u- 



Appendix B. Regular infinite dimensional Lie groups 
B.l. Lie groups 

A Lie group G is a smooth manifold modelled on c°°-opcn subsets of a conve- 
nient vector space, and a group such that the multiplication fi : G x G — > G 
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and the inversion v : G —> G are smooth. We shall use the following notation: 

/i : G x G — > G, multiplication, /i(x, y) — x.y. 

[i a : G — > G, left translation, fi a (x) — a.x. 

\i a : G — > G, right translation, ^ a (x) = x.a. 

v : G — > G, inversion, ^(x) = a; -1 . 

e e G, the unit element. 

The tangent mapping T( 0;b )/z : T a G x T&G — ► T a (,G is given by 

T {a ^.(X a , Y b ) = T a (n b ).X a + T b (n a ).Y b 

and T a v : T a G — > T a -iG is given by 

T a v = -T e (/i a_1 ).T a ( Ma -i) = -Te^-i).^^ 0-1 ). 



B.2. Invariant vector fields and Lie algebras 

Let G be a (real) Lie group. A vector field £ on G is called /e/t invariant, if 
Ma£ = £ f° r au a ^ G, where = T(fi a -i) o £ o fi a . Since we have \i* a [£, rf\ = 
l^aV]j the space j£l(G) of all left invariant vector fields on G is closed 
under the Lie bracket, so it is a sub Lie algebra of X(G). Any left invariant 
vector field £ is uniquely determined by £(e) € T e G, since £(a) = T e (/j, a ) .£(e) . 
Thus the Lie algebra Xl(G) of left invariant vector fields is linearly isomorphic 
to T e G, and on T e G the Lie bracket on Xl(G) induces a Lie algebra structure, 
whose bracket is again denoted by [ , ]. This Lie algebra will be denoted 
as usual by g, sometimes by Lie(G). 

We will also give a name to the isomorphism with the space of left invariant 
vector fields: L : g — > Xl(G), X Lx, where Lx{a) = T e \i a .X. Thus 
[X,Y] = [L x ,L Y ](e). 

Similarly a vector field 77 on G is called right invariant, if (n a )*r] = r\ for 
all a e G. If £ is left invariant, then v*^ is right invariant. The right invariant 
vector fields form a sub Lie algebra Xr(G) of X(G), which is again linearly 
isomorphic to T e G and induces the negative of the Lie algebra structure on 
T e G. We will denote by R : q = T e G — > Xr{G) the isomorphism discussed, 
which is given by Rx(a) = T e (p, a ).X. 

If Lx is a left invariant vector field and Ry is a right invariant vector 
field, then [Lx,Ry] = 0. So if the flows of L x and Ry exist, they commute. 

Let ip : G — > H be a smooth homomorphism of Lie groups. Then tp' := 
T e ip : g = T e G — ► t) = T e H is a Lie algebra homomorphism. 

B.3. One parameter subgroups 

Let G be a Lie group with Lie algebra g. A one parameter subgroup of G is 
a Lie group homomorphism a : (R, +) — > G, i.e. a smooth curve a in G with 
a(s + 1) = a(s).a(t), and hence a(0) = e. 
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Note that a smooth mapping (3 : (— e, e) — > G satisfying (3(t)[3{s) = (3(t + s) 
for |i|, |s|, |t + s| < e is the restriction of a one parameter subgroup. Namely, 
choose < to < e/2. Any t <G K can be uniquely written as t — N.t a + 1' for 
< t' < t and N e Z. Put a(i) = /3(t ) N f3(t'). The required properties are 
easy to check. 

Lef a : R — > G &e a smooth curve with a(0) = e. Le£ I £ 5. Tften </ie 
following assertions are equivalent. 

1. a is a one parameter subgroup with X = d t a{t). 

2. a(t) is an integral curve of the left invariant vector field Lx, and also an 
integral curve of the right invariant vector field Rx ■ 

3. ¥\ Lx {t,x) := x.a(t) (or Fl t Lx = ^ ) is the (unique by (A.6)) global flow 
°f Lx in the sense of (A.6). 

4- Fl Rx (t,x) := a(t).x (orFlf x = H a (t)) is the (unique) global flow of Rx. 

Moreover, each of these properties determines a uniquely. 



B.4. Exponential mapping 



Let G be a Lie group with Lie algebra g. We say that G admits an exponential 
mapping if there exists a smooth mapping exp : g — > G such that 1 1— > exp(tX) 
is the (unique by (B.3)) 1-parameter subgroup with tangent vector X at 0. 
Then we have by (B.3) 



Fl Lx (t,x) =x.exp(tX). 
Fl Rx {t,x) = cxp(tX).x. 

cxp(0) = e and T exp = Id : T Q = g — > T e G = g since T exp.X = 
d t \oeMQ + t.X) = d t \oFl Lx {t,e)=X. 

Let Lp : G — > H be a smooth homomorphism between Lie groups admitting 
exponential mappings. Then the diagram 







1) 



exp 



G *H 



commutes, since t \— > ip(exp G (tX)) is a one parameter subgroup of H and 
9 t | ^(cxp G tX) = tp'(X), so ip(cxp G tX) = cxp H (tip'(X)). 

We shall strengthen this notion in (B.9) below and call it a 'regular Frechet 
Lie groups'. 

If G admits an exponential mapping, it follows from (B.4).(3) that exp 
is a diffeomorphism from a neighborhood of in g onto a neighborhood of 
e in G, if a suitable inverse function theorem is applicable. This is true for 
example for smooth Banach Lie groups, also for gauge groups, but it is wrong 
for diffeomorphism groups. 
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If E is a Banach space, then in the Banach Lie group GL{E) of all bounded 
linear automorphisms of E the exponential mapping is given by the von Neu- 
mann series exp(A) = J2^Lo li^- 1 - 

If G is connected with exponential mapping and U C g is open with £ U, 
then one may ask whether the group generated by exp({7) equals G. Note that 
this is a normal subgroup. So if G is simple, the answer is yes. This is true for 
connected components of diffeomorphism groups and many of their important 
subgroups. 

B.5. The adjoint representation 

Let G be a Lie group with Lie algebra g. For a e G we define conj a : G — > G 
by conj a (x) = axa^ 1 . It is called the conjugation or the inner automorphism 
by a € G. This defines a smooth action of G on itself by automorphisms. 

The adjoint representation Ad : G — ► GL(g) C g) is given by Ad(a) = 
(conj a )' = T e (conj a ) : g — > g for a e G. By (B.2) Ad(a) is a Lie algebra 
homomorphism. By (B.l) we have Ad(a) = T e (conj a ) = T a (pi a ).T e (/j, a ) = 
T -i(/i ).T e (/i» _1 ). 

Finally we define the (lower case) adjoint representation of the Lie algebra 
0, ad : g -> g[(g) := L(q,q), by ad := Ad' = T e Ad. 

We shall also use the right Maurer-Cartan form k t e i? 1 (G, g), given 
by K r g — T g (n 9 ) : T g G — > g; similarly the ?e/f Maurer-Cartan form k 1 e 
flHG.fl) is given by ^ - T fl (/i fl -i) : T g G -> g. 

7. Lx(a) = i?Ad(a)x(a) /or leg and a e G. 

2. &&{X)Y = [X,Y] for X,Y e g. 

5. dAd = (ado K r ). Ad = Ad. (ad ok') : TG — > L(g, g). 

B.6. Right actions 

Let r:MxG^Mbea right action, so f : G — > Diff(M) is a group 
anti-homomorphism. We will use the following notation: r a : M — ► M and 
r x : G — » M, given by r x (a) = r a (x) = r(x, a) = x.a. 

For any legwe define the fundamental vector field (x = Cx e 3£(M) 
by Cx(x) = T e (r x ).X = T {x . e) r.(O x , X). 

In this situation the following assertions hold: 

1- C : - *• X(M) is a Lie algebra homomorphism. 

2. T x (r a ).( x (x) =( A d(a-i)x(x-a). 

3. M x L x € X(M x G) is r -related to ( x € X(M). 

B.7. The right and left logarithmic derivatives 

Let M be a manifold and let / : M — > G be a smooth mapping into a Lie 
group G with Lie algebra g. We define the mapping S r f : TM — > g by the 
formula 
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S r f(^) := T f[x) {^W).T x f.ti x for £ x G T X M. 

Then 6 r f is a g- valued 1-form on M, 5 r f G Q 1 {M;g). We call 5 r f the right 
logarithmic derivative of /, since for / : K — > (R + ,-) we have <5 r /(:r).l = 
£g = (logo/)'(x). 

Similarly the Ze/t logarithmic derivative 5 f G Q 1 (M, g) of a smooth map- 
ping / : M — > G is given by 

5 /-£x = Tf^ifif^-^.Tzf.^. 

Let /, <jr : M — » G be smooth. Then the Leibniz rule holds: 

5 r (f.g)(x) = 5 r f(x) + Ad(f(x)).S r g(x). 

Moreover, the differential form 5 r f G (2 (M;g) satifies the 'left Maurer- 
Cartan equation' (left because it stems from the left action of G on itself) 

dS r f(tv)-[S r f(O,S r f(v)] 3 ^0, 

or d8 r f-±[6 r f,5 r f]% = 0, 

where £, rj G T X M , and where for ip G Q P (M; g), ip G Q q (M\ g) one puts 

[ip, ip] 6 A {^u ■ ■ -^p+q) ■= 4-y ^sign(o-) [99(^1, . . . ), ■ • • )] B - 

For i/ie Ze/t logarithmic derivative the corresponding Leibniz rule is uglier, and 
it satisfies the 'right Maurer Cartan equation': 

5\fg){x) = 5 l g(x) + M(jg{x)-*)& 1 f(x), 

d5 l f+ l -[5 l f,5 l f]l=Q. 

For 'regular Lie groups' a converse to this statement holds, see [30], 40.2. 
The proof of this result in infinite dimensions uses principal bundle geometry 
for the trivial principal bundle pri :MxG-»M with right principal action. 
Then the submanifolds {(x, f(x).g) : x G M} for g G G form a foliation of 
M x G whose tangent distribution is complementary to the vertical bundle 
M x TG C T(M x G) and is invariant under the principal right G-action. 
So it is the horizontal distribution of a principal connection on M x G — > G. 
Thus this principal connection has vanishing curvature which translates into 
the result for the right logarithmic derivative. 

B.8 

Let G be a Lie group with Lie algebra g. For a closed interval / Cl and for 
X G C°°(I, g) we consider the ordinary differential equation 
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9W =e 

d t <?(i) =T e (^W)X(t) = J R x(t) ( 5 (i)), or K r (9 t5 (t)) = 
for local smooth curves g in G, where to & I. 

(2) Local solution curves g of the differential equation (1) are unique. 

(3) If for fixed X the differential equation (1) has a local solution near each 
to € /, then it has also a global solution g £ C°°(I, G). 

(4) If for all X G C oo (/,0) the differential equation (1) has a local solution 
near one fixed t € I, then it has also a global solution g <G C°°(I, G) for 
each X . Moreover, if the local solutions near to depend smoothly on the 
vector fields X then so does the global solution. 

(5) The curve t .9(i) _1 is the unique local smooth curve h in G which 
satifies 

h(to) = e 

8 t h(t) = T e (p h(t) )(-X(t)) = L_ xw (h(t)), or K l (d t h(t)) = -X(t). 



B.9. Regular Lie groups 

If for each X e C°°(R, q) there exists g e C° 



I, G) satisfying 



.9(0) - e, 

d t g(t) = T e {^)X{t) = R x(t) (g{t)), (1) 
or K r {d t g{t)) = 5 r g{d t )=X{t), 



then we write 



evol^pO=evol G (X) := g(l), 
Evof G (X)(t) := evol G (s ^ tX(tsj) = g(t), 

and call it the right evolution of the curve X in G. By lemma (B.8) the solution 
of the differential equation (1) is unique, and for global existence it is sufficient 
that it has a local solution. Then 

Evol G : C°°(M., g) -> {g G C°°(R, G) : g(0) = e} 



is bijective with inverse the right logarithmic derivative S r . 

The Lie group G is called a regular Lie group if evol r : C c 
exists and is smooth. 

We also write 

evol G pf) = evol G (X) := h(l), 
Evol l G (X)(t) := cvol G (s ^ tX(ts)) = h(t), 



G 
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if h is the (unique) solution of 
h(0) = e 

d t h(t) - T e ( Ph{t) )(X(t)) = L x{t) (h(t)), (2) 
or n\d t h{t)) =5 l h(d t ) =X(t). 

Clearly evol' : C°°(E, g) — > G exists and is also smooth if evol r does, since we 
have evol'(A) = evor(-A)- 1 by lemma (B.8). 

Let us collect some easily seen properties of the evolution mappings. If 
/ e C°°(R,R), then we have 

Evof (*)(/(*)) = Evor(/'.(X o /))(*). Evor(X)(/(0)), 
Evol ; (A)(/(i)) = Evol z (A)(.f (0)). Evol l (f'.(X o /))(*). 

If <p : G — > H is a smooth homomorphism between regular Lie groups then 
the diagram 

C°°(M,0) — ^C°°(M,f)) 



evolo 



C Vol 



G *H 

commutes, since d t <p(g(t)) = Tip.T{^W).X{t) = T(^(9(*))).<^' .X{t). 

Note that each regular Lie group admits an exponential mapping, namely 
the restriction of evof to the constant curves K — > g. A Lie group is regular 
if and only if its universal covering group is regular. 

Up to now the following statement holds: 

All known Lie groups are regular. 

Any Banach Lie group is regular since we may consider the time dependent 
right invariant vector field Rx(t) on G and its integral curve g(t) starting 
at e, which exists and depends smoothly on (a further parameter in) X. In 
particular finite dimensional Lie groups are regular. 

For diffeomorphism groups the evolution operator is just integration of 
time dependent vector fields with compact support. 



B.10. Extensions of Lie groups 

Let H and K be Lie groups. A Lie group G is called a smooth extension of 
H with kernel K if we have a short exact sequence of groups 

{e} ^ K ^ G ^H^{e}, (1) 

such that i and p are smooth and one of the following two equivalent conditions 
is satisfied: 
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2 p admits a local smooth section s near e (equivalently near any point), 
and i is initial (i. e. any / into K is smooth if and only if i o f is smooth). 

1. i admits a local smooth retraction r near e (equivalently near any point), 
and p is final (i. e. / from H is smooth if and only if / o p is smooth). 

Of course by s(p(x))i(r(x)) = x the two conditions are equivalent, and then G 
is locally diffcomorphic to K x H via (r,p) with local inverse (iopr 1 ).(sopr 2 ). 

Not every smooth exact sequence of Lie groups admits local sections as 
required in (2). Let for example K be a closed linear subspace in a convenient 
vector space G which is not a direct summand, and let H be G/K. Then 
the tangent mapping at of a local smooth splitting would make K a direct 
summand. 

Let {e} — > K — ^ G — ^ H — ► {e} be a smooth extension of Lie groups. 
Then G is regular if and only if both K and H are regular. 

B.ll. Subgroups of regular Lie groups 

Let G and K be Lie groups, let G be regular and let i : K — > G be a smooth 
homomorphism which is initial (see (B.10)) with T e i = i' : t —* g injective. 
We suspect that K is then regular, but we know a proof for this only under 
the following assumption. There is an open neighborhood U C G of e and 
a smooth mapping p : U — > E into a convenient vector space E such that 
p _1 (0) = K n U and p constant on left cosets Kg n J7. 
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